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Abstract

In this thesis we analyze different instances of dynamical regimes emerging from large
ensembles of coupled oscillatory units. On one side, we study systems of homogeneous
globally coupled oscillators, where a macroscopic treatment at the thermodynamic limit is
possible. In these setups our main interest is to characterize the emergence and stability of
the so-called self-consistent partial synchrony (SCPS), a family of collective states where
the evolution of the single units differs from that of the macroscopic observables. First
we show that a simple form of SCPS emerges in a Kuramoto-Daido phase model where
the interaction among the oscillators is set by a coupling function with two harmonics.
Invoking the associated nonlinear Liouville operator we are able to characterize semi-
analytically the shape and stability properties of such regime. Then, we show that a small
stochastic force acting independently on each oscillator of the biharmonic model is able
to stabilize SCPS to the entire parameter range. Such noise-induced bifurcation is treated
semi-analytically by extending the macroscopic analysis of the deterministic model to the
solution of the corresponding nonlinear Fokker-Plank equation through a perturbative ap-
proach. Next, we investigate more complex forms of SCPS, including collective chaos,
emerging in a system of mean-field coupled amplitude oscillators where the single units
spontaneously distribute along a smooth time-varying closed curve, thereby maintaining
the typical ordering of purely phase oscillators. We develop a formalism to treat this sit-
uation macroscopically by means of two nonlinear partial integro-differential equations.
Finally, we move to systems coupled through irregular topologies. In particular, we con-
struct two different methods to modify the coupling structure while preserving the original
dynamical behavior. This is achieved through the identification of the degrees of freedom
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responsible for the emergence of the dynamical pattern on the Laplacian of the network.
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Summary

This thesis studies different instances of systems composed of many coupled oscillatory
units showing emerging global behavior. Here we summarize the main findings and salient

points.

First, we study ensembles of homogeneous globally coupled phase oscillators, our
main interest being the emergence and stability properties of self-consistent partial syn-
chrony (SCPS), a family of dynamical regimes where the evolution of the single units
differs from that of the global field:

e We show that a second harmonic on the coupling function of the otherwise homo-

geneous Kuramoto-Sakaguchi model suffices to display periodic SCPS.

e The shape and stability of the probability density of the phases is studied at the

thermodynamic limit through the corresponding nonlinear Liouville operator.

e Both, macroscopic analysis and microscopic simulations agree on determining the
emergence of SCPS from the splay state and its loss of stability through a subcritical

Hopf bifurcation.

e Self-consistent partial synchrony arises in a similar fashion in an ensemble of weakly-

coupled Rayleigh oscillators.

e Phase reduction of the Rayleigh model provides a coupling function of the Kuramoto-
Daido model with eight harmonics that retains the behavior of the original system.

v



Summary

Second we study the effect of a small stochastic force acting independently on each oscil-

lator of the biharmonic model:

e A small level of noise suffices to stabilize SCPS throughout the entire parameter

range of interest.

e The analytical treatment of SCPS in the stochastic model is attained by extending
the results of the deterministic case to the nonlinear Fokker-Plank equation of the

stochastic model by means of a perturbative approach.

e Macroscopic and microscopic results coincide to describe the stabilization of SCPS

through a supercritical Hopf bifurcation.

e A second bifurcation line corresponding to a saddle of periodic orbits bounding the

bistable region is found with the help of numerical simulations.

e The noise-induced stabilization of SCPS materializes also on the ensemble of Rayleigh

oscillators studied in the deterministic case.

Next, we move to a globally coupled ensemble of Stuart-Landau oscillators, where the
single units are described by two variables. We focus on a parameter range where the
oscillators spontaneously distribute themselves on a smooth closed curve that evolves in

time.

e A mathematical formalism to treat this situation is developed at the thermodynamic

limit, resulting on a system of two nonlinear partial integro-differential equations.

e Microscopic and macroscopic simulations of the system coincide to unveil a set
of bifurcations from splay state to different forms of SCPS and, finally, collective

chaos.

e Splay state and periodic SCPS can be treated analytically with the help of the new

macroscopic equations.

vi



e We study mathematically the emergence of SCPS out of the splay state and con-
firm that the presence of higher harmonics in the coupling is necessary for SCPS to

emerge.

e Poincaré sections unveil two other forms of SCPS where the collective behavior is

ruled by two and three leading frequencies respectively.

e A new transition to collective chaos is found with the help of Lyapunov analysis at

both, microscopic and collective level.

e Multifractal analysis of the transverse Lyapunov exponent confirms that the sin-
gle units are non-chaotic even though the macroscopic observables display high-

dimensional chaos.

Finally, we study homogeneous reaction-diffusion systems defined on complex network
topologies. In particular we tackle the problem of creating different network topologies
that display the same dynamical behavior. We focus on regimes arising from perturbing

the unstable homogeneous equilibrium.

e Preserving the unstable directions usually is enough to reproduce the original dy-

namics of the system.

e In those cases where the eigenvectors of the Laplacian are highly localized on a sub-
set of nodes, the topology structure of the modified network might present important

changes.

e [ocalization properties allow to implement changes already at the level of the adja-

cency matrix, providing thus a major control of the modifications.

e In general, it is possible to modify the network topology while preserving the col-

lective behavior of the system.
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Introduction

Dynamical systems provide a formal tool to model the behavior of elements or quantities
that evolve in time. Indeed, a simple equation suffices to faithfully characterize, for in-
stance, the orbit of a planet around the sun [1] or the voltage oscillations of an isolated
spiking neuron [2]. Nevertheless, when considering these units as a part of a whole —the
solar system or a layer of brain cortex— the scenario changes. Without the need of an es-
tablished hierarchy or purpose, the larger system might spontaneously display emergent
properties that cannot be traced back to a simple superposition of the single units. This

type of systems are generically referred to as complex systems [3, 4].

One of the main characteristics of complex systems consists in the emergence of spon-
taneous order through multiple scales. Even in the simple case of many identical inter-
acting elements one can distinguish at least two different types of dynamics: the collec-
tive (macroscopic) behavior versus that of the single (microscopic) units. The analysis of
macroscopic states arising in systems composed of many units is a well established topic
in mathematics and physics. Statistical mechanics offers a complete picture for systems
at equilibrium, but a theory for non-equilibrium systems is missing. Understanding the
emergence of collective dynamical regimes in large systems is, in fact, a mathematical
challenge since one needs to deal with many degrees of freedom. Moreover, this area of
research has grown in the last decades since the increased performance of computers al-

lows to attain many aspects of such systems using numerical simulations.

Synchronization phenomena in networks of coupled oscillatory units represents one of
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Introduction

the simplest instances of collective behavior, and yet, proves significant in many areas of
research such as biology, neuroscience or climate systems [5]. The most trivial form of
synchronization corresponds to states where all the microscopic units evolve identically,
so that the collective motion is nothing else than a macroscopic representation of the sin-
gle cells. Conceptually opposed are the incoherent states, where the oscillators evolve
independently from one another, so that the collective variables either relax to a steady
state possibly affected by random fluctuations. Nevertheless, it is unclear what and un-
der which conditions other types of complex behavior are to be expected. In general, one
needs to account for (i) the dynamical system that rules the evolution of each single unit
(microscopic dynamics), (ii) the type of interaction between the different units of the sys-
tem (shape of coupling), and (iii) the structure of the interactions (network topology). In
this thesis we explored different aspects concerning these three characteristics in order to
study -numerically and analytically- distinct forms of collective behavior in networks of

coupled oscillators.

The amplitude of a periodic oscillator disturbed by small perturbations can be adi-
abatically eliminated, so that each unit is characterized by a single variable: the phase
(see chapter 1 for a detailed explanation). Phase models represent, therefore, the simplest
instance of complex oscillatory systems. The famous Kuramoto-Sakaguchi model [6]-
paradigm of collective synchronization— consists of a phase model where the interaction
between the units is purely sinusoidal. On its original formulation, each oscillator interacts
with all the other units in the same manner: the system is globally coupled. In practice,
this means that an individual oscillator is both, subject and contributing to a mean-field
variable that represents the collective dynamics. This simple coupling structure allows for
a mathematical analysis in the thermodynamic limit by considering the probability density
of the phases as a global functional (i.e., infinite-dimensional) variable describing an en-
semble with infinite oscillators. In this collective framework, it is possible to distinguish
between two different types of solutions: those where the oscillators are locked within the
distribution, and those where microscopic units display a different behavior from that of
the global field, referred to as self-consistent partial synchrony (SCPS) (see chapter 2 for
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a more complete definition). If there is no diversity among the single units, the emergence
of dynamical regimes without phase locking phenomena is far from trivial. Indeed, the ho-
mogeneous Kuramoto-Sakaguchi model only displays either full synchrony or incoherent
states. Moreover, the Watanabe-Strogatz theory provides a low-dimensional description of
the Kuramoto-Sakaguchi model in terms of three collective variables and infinitely-many
constants of motion [7, 8, 9, 10]. Thus, the sinusoidal coupling is not representative of the

dynamical richness that globally coupled complex oscillatory systems might present.

The simplest form of SCPS corresponds to the case where the macroscopic dynamics
displays purely periodic motion, but the single oscillators evolve quasiperiodically. This
situation was first observed in an ensemble of leaky integrate-and-fire (LIF) neurons [11]
and later on, in the associated phase model [12]. Other cases of SCPS have been obtained
with nonlinear coupling [13] or delayed interactions [14], but the minimal conditions for
its appearance in phase models have been unknown. The first original work contained in
this thesis, presented in chapter 2, addresses this question by studying the emergence and
stability of self-consistent partial synchrony in a simple model of phase oscillators. We
consider a coupling function characterized by two harmonics, as studied in [15], breaking
thus the symmetry of the otherwise sinusoidal coupling. By invoking the thermodynamic
limit we are able to characterize the shape of the probability distribution of the phases as a
stationary solution of the corresponding (nonlinear) Liouville operator in a rotating frame.
Linear stability analysis also shows, in agreement with the numerical simulations, that this
state loses stability through a subcritical Hopf bifurcation. Although we focus on SCPS,
we also review in detail other dynamical regimes displayed by the model: synchroniza-
tion, incoherent states, clustered states, and an interesting switching behavior through an
heteroclinic cycle between clusters. The final part of this chapter is devoted to prove the
ubiquity of self-consistent partial synchrony by studying its appearance in an ensemble of

Rayleigh oscillators and its corresponding phase reduction.

There are two simple ways to challenge the homogeneity of the single oscillators. One
of them, used in the original Kuramoto model, is to consider different natural frequencies

7
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for each uncoupled oscillator, adding thus quenched heterogeneity in the ensemble. The
second consists in adding independent stochastic forces to the evolution of each oscillator.
Quenched heterogeneity difficults the comparison across scales: a single oscillator might
not be entrained to the global distribution either because of the intrinsic nature of the col-
lective oscillation or because its natural frequency differs too much from the global one.
Instead, random fluctuations still allow to consider all the oscillators as identical, so that
phase locking phenomena affects all units in the same manner. On the other hand, stochas-
tic forces are unavoidably present in physical systems. Thus, in chapter 3 we illustrate the
effect of a small source of thermal noise acting independently on each oscillator of the
biharmonic model. The small random fluctuations have the counter-intuitive effect of sta-
bilizing SCPS to the entire parameter range, illustrating thus a novel example of dynamical
order emerging out from disordered units. Numerical simulations at the microscopic level
are again complemented with a macroscopic description, this time given by a nonlinear

Fokker-Plank equation, to unveil the noise-induced bifurcation leading to stable SCPS.

Going one step further in terms of collective complexity, in chapter 4 we address the
question whether systems of identical phase oscillators can display collective chaos. Most
of the chaotic states studied so far in mean-field coupled oscillatory systems consist of
regimes where the amplitude of the oscillators plays an important role, so that it cannot be
adiabatically eliminated [16, 17, 18]. Nevertheless, Nakagawa and Kuramoto reported on
a chaotic state where the oscillators distribute themselves along a closed, smooth, time-
dependent curve, thereby maintaining the typical ordering of (identical) phase oscilla-
tors [19]. We study this phenomena, which has been so far overlooked, by developing
a general formalism based on two partial differential equations. One of them describes
the evolution of the probability density along the closed curve, as in systems of phase
oscillators. The second equation models the shape of the curve itself. The formalism is
specifically developed for Stuart-Landau oscillators, but it is general enough to be applied
to other classes of amplitude oscillators. Using these equations we are able to identify and
study a set of bifurcations going from periodic SPCS to collective chaos, passing through
various forms of SCPS with different complexity. In fact, the chaotic state can be seen as
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a generalization of a SCPS state characterized by a multifractal probability density. Com-
bining a Lyapunov analysis at both, macro and microscopic level we shed further light on

the relationship between the two levels of description.

Finally, in the last chapter of the thesis we leave behind globally coupled systems to
study the effect of irregular network topologies on the collective states. Complex network
analysis is a major topic in the study of large dynamical systems [20]. In general, the
relationship between a given architecture of connections and the overall function of the
system is unknown. Nevertheless, homogeneous reaction-diffusion systems always admit
a full synchronous state whose stability can be addressed by the diagonalization of the
network Laplacian [21]. Thus, in this case there is indeed an explicit dependence between
the dynamics of the equilibrium state and the network topology. If the synchronous solu-
tions proves unstable, any small perturbation develops irregular spatio-temporal patterns.
We exploit this fact to construct two different methods that modify the connections of a
given network while maintaining the dynamical behavior of the system. Although we fo-
cus again on Stuart-Landau units, the method is sufficiently general to be applied to other
models beyond oscillatory behavior. We provide an example of this situation with the

Brusselator model.
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Chapter 1
Introduction to phase oscillators

Oscillations are ubiquitous in nature. Some examples are the dynamics of astronomic ob-
jects [1], AC circuits [2], the behavior of spiking neurons [3], heart beats [4], circadian
rhythms [5], climate models [6], economic cycles [7], and chemical reactions [8]. The list
could go on and on. Hence, the behavior and properties of oscillatory systems constitutes
a vast topic in the scientific literature. In the theory of dynamical systems, a second order
ODE is enough to display purely periodic motion. In fact, after fixed points, limit-cycles

are the simplest invariant solutions one can find in a given system.

Mainly motivated by the study of biological systems, Arthur Winfree was the first sci-
entist to investigate collective behavior in oscillatory systems [9, 10]. He showed that,
despite the great variety of systems displaying periodic motion, under proper assumptions
it is possible to reduce the behavior of an oscillator subject to external perturbations to the
dynamics of a single variable, the phase. Later on, Kuramoto used averaging techniques
to reduce the Winfree model to a simpler class of systems where the interaction between

the oscillators is set solely by a coupling function [11].

Therefore, phase models provide an important framework to study the self-adjustment
of rhythms in systems composed by many interacting periodic oscillators. The simplest

form of such collective behavior, and yet, ubiquitous in nature, is synchronization phe-

13



Chapter 1. Introduction to phase oscillators

nomena [12]. Synchronization can occur already in systems with only two interacting
oscillators. In fact, one of the firsts scientific notes about synchronization, although highly
anecdotal, consists on the phase locking of two mechanical clocks by Huygens. In larger
systems, the Kuramoto model represents a paradigmatic model for the study of synchro-
nization transitions. In this case, the shape of the interaction between oscillators is purely
sinusoidal so that the mean-field coupling is through a single global parameter: the Ku-
ramoto order parameter. Nevertheless, the Kuramoto model is nowadays well understood
and, moreover, the Watanabe-Strogatz theory provides a full macroscopic description of
its behavior [13, 14, 15, 16]. In this thesis we go beyond such theory, first by using more
harmonics in the coupling function (Chapters 2 and 3), then relaxing the concept of "phase
oscillator” to a case where the amplitude cannot be adiabatically eliminated (Chapter 4),
and finally considering generic systems coupled through irregular architectures (Chap-
ter 5).

In the remaining of this introduction we review the phase reduction method that leads
to a phase model of Kuramoto-Daido type. We then provide an exemplary analysis of a
single periodically forced oscillator to illustrate important concepts such as phase-locking
and Arnold tongues. Next we illustrate the Kuramoto-Sakaguchi system as simple instance
of collective synchronization. Finally, we briefly show that, at the thermodynamic limit,
the Kuramoto-Sakaguchi system can be mapped to a low-dimensional system by means of

the Ott-Antonsen Ansatz, which falls into the Watanabe-Strogatz theory.

The results showed in this chapter are well established in the literature. For basic con-
cepts on phase oscillators and synchronization we have mainly followed [17, 12, 11]. The
first of these references consists of a short and pedagogical introductory chapter to phase
reduction and synchronization. The second is a more complete, but also introductory, work
on phase oscillators and synchronization phenomena. Kuramoto’s book [11] provides in-
stead a more technical analysis on the phase reduction method. For the Watanbe-Strogatz
theory and the Ott-Antonsen Ansatz we mainly followed the original papers and later re-
visions [13, 14, 15, 16].
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1.1. Oscillatory systems

1.1 Oscillatory systems

In this section we briefly introduce three different examples of systems displaying oscilla-

tion phenomena.

1.1.1 FitzhHugh-Nagumo model

An important class of oscillatory systems used nowadays in scientific research are those
used in computational neuroscience to model the dynamics of a spyking neuron. In 1952
Hodgkin and Huxley presented a system of four nonlinear Ordinary Differential Equations
(ODEs) describing the action potential of the axon of a giant squid [3]. This work granted
them the Nobel Prize in Physiology or Medicine 1963. In 1963 and 1964 two independent
works by FitzHugh and Nagumo provided a simplification of the Hodgkin-Huxley model
to two ODE:s that properly reproduce the behavior of a spying neuron under external input.
The FitzhHugh-Nagumo model reads [18]
T=1x— %3 —y+1I,
Ty = (r+a—"by),

where x is the voltage potential of the neuron, and y is a variable that accounts for the
recovery of the different ion channels. The parameter [ is the external input current, and
7 = 0.08 indicates that the time scale of y is slower than x. The other parameters of the
recovery equations are set to a = 0.7, and b = 0.8. If the external current / arriving to
the neuron is smaller than a certain threshold, /., the neuron is at rest in a fixed point. At
I = I. there is a transition above which the system oscillates in a periodic manner around
a stable limit-cycle: the neuron is spyking. Figure 1.1(al) shows the stable periodic orbit
of the FitzHugh-Nagumo model for I = 0.5 (black curve), and a trajectory converging
to it (red curve). The periodicity of the attractor becomes more evident in Figure 1.1(a2),

which displays the time series of the x and y variables along the limit-cycle for 4 periods.
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Chapter 1. Introduction to phase oscillators

1.1.2 Rayleigh oscillator

Another well-known system displaying periodic behavior is the Rayleigh oscillator, which
models the vibration of a reel producing sound waves [19]. In this case the system reads
as the second order ODE,

i —C(1—iHd 4w’z =0,

which using the transformation & = y can be mapped to the two-dimensional system

T =y,

y=Cl—y)y—=.

Similarly to the FitzHugh-Nagumo model, the Rayleigh oscillator has a fixed point that
loses stability upon increasing ¢. For ¢ = 5 the system displays the limit cycle depicted in
Figures 1.1(b1) and (b2).

1.1.3 Stuart-Landau system

As many other oscillatory systems, both the FitzHugh-Nagumo limit-cycle and the Rayleigh
oscillator emerge after a stationary fixed point loses stability through a supercritical Hopf-
bifurcation upon changing the parameters of the model. Thus, close to the transition point,
the behavior of the system can be described by a normal form, a reduced dynamical system
that captures the essential properties of the original model close to the bifurcation. This is
possible through retaining the fast terms of the original system and eliminating the slower

variables adiabatically via the center manifold theorem [11].

The normal form of a Hopf bifurcation receives the name of Stuart-Landau equation,

which, for the supercritical case, reads
=z — (1+ia)|z)*2
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Figure 1.1: Periodic behavior of the FitzHugh-Nagumo system (al,a2), the Rayleigh oscillator (b1,b2), and
the Stuart-Landau equation (c1,c2). (al), (bl), and (c1) show the attracting limit-cycle (black curve) on the
(z,y)-plane, and an exemplary trajectory converging to it (red curve). (a2), (b2), and (c2) show the time
series of z and y on the limit cycle for 4 periods. (d1) depicts a phase variable on the torus, (d2) shows the
linear growth of the phase of an oscillator with period 7T'.

where 2 = z 4+ iy € C and a € R is a parameter that accounts for the frequency of
rotation on the limit cycle. In fact, the limit-cycle of the Stuart-Landau equation has the
simple form z(t) = ™. Figure 1.1(c1) displays such limit-cycle on the complex plane,

and Figure 1.1(c2) the corresponding time-series.

17



Chapter 1. Introduction to phase oscillators

1.2 Phase reduction

The three systems presented before provide a good insight about the variety of shapes
and periods that limit-cycles might exhibit. Nevertheless, under proper assumptions it
is possible to reduce the behavior of these systems using a single variable: the phase of
the oscillator. This reduction allows to study oscillatory systems in a generic way and,
moreover, provides the foundations to study emergent phenomena on systems composed

of many interacting oscillatory units.

Let us consider an m-dimensional variable @ (typically, one can think of m = 2, so

that = (z,y)), whose time evolution is ruled by the differential equation
& = F(x) (1.1)

where JF is a smooth function. Let us assume that equation (1.1) has an attracting limit-
cycle with period 7', @1 c(t) = @ c(t + T'). Thus, the curve « is, by definition, parameter-

ized by time, ¢ € [0,T"). We define the phase of a point x(t) of @, as

o(z(t)) == t2% e [0,2n).

For simplicity, we denote w := 2.

The concept of phase is well defined for any point lying exactly on the limit cycle.
Nevertheless, the phase reduction approach is based on extending the notion of phase to
a neighbourhood G of x;c. Let yo = y(0) be a point in the state space close to, but
not exactly on the periodic attractor . Since the limit cycle is stable, the trajectory
y(t) will end up arbitrarily close to x;c as t — oo, so that it will have a well defined
phase, ¢(y(t)). Therefore, even if y, is not on the invariant manifold, one can find a point,
X € xLc so that at long-term, ¢(y(t)) = ¢(x(t)). One can then define the phase of y, as
d(yo) = ¢(xp). All the points in the neighbourhood of x; ¢ associated to the same phase

form a isochrone curve.
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1.2. Phase reduction

Formally, the concept of isochrone can be derived as follows. In general, one can

express the time evolution of a phase as
dx)=w, xed. (1.2)
On the other hand, applying the chain rule and using Eq. 1.1, one obtains
o(z) = grad, ¢ - F(z).
Combining the two previous equations provides
grad, ¢ - F(x) =w . (1.3)

The gradient of ¢ expresses the variation of a phase with respect to space, thus, the
isochrones are nothing else that the level curves of grad,, ¢. This equation expresses then,
that the variation of the phase under the effect of the field F is constant. Figures 1.2(al),
(b1), and (cl) show isochrones of the FitzHugh-Nagumo, Rayleigh, and Stuart-Landau

systems respectively (see red curves).

We want to study oscillatory systems that are interacting with a certain environment,
so, usually, equation (1.1) is not enough for our purposes. One needs to account for the
effect that external perturbations have on the system. Let us assume a perturbation on the

evolution of , p(t), with a small amplitude parameter 0 < ¢ < 1,
= F(x)+ep(t).

In order to keep arguing in terms of phases, one needs to find which is the impact of
such perturbation on the phase of the oscillator. Applying again the chain rule to the time

evolution of ¢, and using Eq. (1.3) one obtains

¢(z) = grad, ¢ - (F(x) +ep(t))

19



Chapter 1. Introduction to phase oscillators

=w +egrad, ¢ - p(t) (1.4)

Thus, as one would expect, the linear response of the phase ¢ to a perturbation of the
trajectory is given by its gradient. For this reason, the gradient of the phase along a certain
unitary direction dx is usually referred to as the Phase Response Curve (PRC), Z(¢) :=
grad, ¢ - dx. Following the definition of gradient, given a infinitesimal perturbation cdx
of a point on the limit cycle x, one can effectively compute the phase response curve as

the normalized difference between the phase of x, and that of  + cdx,

o(x) — op(x + edx) |

3

Z(¢) =

Thus, a positive (resp. negative) PRC indicates that the perturbation has the effect of ad-
vancing (resp. delaying) the phase of the oscillator. A zero PRC means that the perturbed
point lies exactly on the isochrone of the original point. Figures 1.2(a2),(b2), and (c2)
show the PRC of the of the FitzHugh-Nagumo, Rayleigh, and Stuart-Landau oscillators
for a infinitessimal perturbation along the z-direction, d = (1,0) (black curves), and
ox = \/%( 1,1) (blue curves). For simplicity, on the following we assume that the pertur-
bation p(t) has direction & and modulus p(¢) so that grad,, ¢ - p(t) = Z(¢)p(t). Thus,
Eq (1.4) now reads

d(x) = w+eZ(P)p(t) . (1.5)

Systems with this form are known as Winfree-type models of phase oscillators [9], where
the PRC, Z(¢), and the shape of the forcing p(t) are defined independently one from the
other. Nevertheless, it is possible to further simplify this system by separating time scales
on the dynamics of the phase model. In order to clarify the explanation, let’s assume now
that p(t) is a periodic function with period 7" = 27 /<).

The unperturbed phase oscillator described by Eq. (1.2) has the solution

¢:wt+¢0.
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1.2. Phase reduction

If ¢ < 11in Eq. (1.5), one expects that the changes in the evolution of ¢ mostly happen at
a slow time scale, since the fast dynamics is driven by the natural frequency of oscillation
w. Let’s study then the time evolution of the variable ¢ = ¢ — wt. With this change of

variables, equation (1.4) now reads

p =eZ(p —wit)p(t)

so that the dynamics of the system is purely governed by the coupling term. In order to
retain the terms relevant for the evolution of ¢ one can expand the previous equation in

Fourier series,

. € ~ ~ —i[m(p—wt)+n
b =cZ(p—whp(t) = . > Z(m)p(n)e el (1.6)

< ~ . .
- = Z(m)o(n e*lmgoez(mwfnﬂ)t )
1 (m)p(n)
m,n
The last expression provides a separation of the fast and slow terms in the series: the terms
with

mw — nf) >~ 0

are resonant, and, therefore, lead to slow dynamics. The other terms, instead, have explicit
dependence on ¢, and, therefore, lead to rapid changes. Thus, in order to keep only the
relevant dynamics of the system, one can average out the non-resonant terms. Under the
assumption that the natural frequency of the oscillator, w, compares to the mean frequency
of the forcing, (),i.e., w ~ ), the terms of Eq. (1.6) relevant for the dynamics are those

with n = m. Thereby formally one can define a coupling function

[e.e]

Gle) = S Z(-n)p(n)e e = / "z — P)p(w)

= An2

n=—oo

so that system (1.5) now reads

p=w+eG(Qt — ¢) .
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Figure 1.2: (al), (b1), and (c1): isochrones of the FithHugh-Nagumo model, the Rayleigh oscillator, and the
Stuart-Landau equation (red curves). The isochrones have been computed starting from 20 different points
distributed uniformly along the phase of the oscillator. (a2), (b2), and (c2): Phase response curve of the same
systems, computed for a perturbation of the direction of (z,y) = (1,0) (black curve), and (z,y) = 2(1,1)
(blue curve).

Phase oscillators ruled by equations of this type are known as Kuramoto-Daido type mod-
els. Despite their simplicity, such systems provide a good framework to study emerging
phenomena on networks of oscillators. The simplest of these properties, and yet ubiqui-
tous in many real-world situations, is synchronization phenomena, which arises already

when G is composed of a single harmonic.
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1.3. A periodically forced oscillator

1.3 A periodically forced oscillator

Some features regarding synchronization in large ensembles can be understood already
from the analysis of a single oscillator driven by another unit. Let’s assume a phase
oscillator forced by a second, freely rotating, unit through a purely sinusoidal coupling

function,

p=w+ Ksin(d —p+7),
0=0Q. (1.7)

Here K > 0 is the coupling strength, and v € [0, 27) is a parameter known as Sakaguchi
phase shift. It is easier to study this system by analyzing the behavior of the phase differ-
ence between ¢ and 6. Introducing the change of variables ) = ¢ — 6 the previous system

can be written in the form

Y = v+ Ksin(y — ). (1.8)
where v = w — (2. System (1.7) is a one-dimensional autonomous ordinary differential
equation, and thus, its analytical treatment is transparent. As illustrated in Figure 1.3(a),
in the simple case where v = 0 and v = 0, equation (1.8) has two fixed points, )y = 0
and v¢; = 7. The first one is stable, and corresponds to the case where the two oscillators
evolve exactly at the same phase, i.e., they are synchronized. The second corresponds to

an antiphase solution, where the oscillators evolve one opposed to the other one.

As indicated in Figure 1.3(a), increasing (resp. decreasing) the difference between the
natural frequencies of each oscillator, v, shifts the value of the stable fixed point to the
right (resp. left) and the unstable fixed point to the left (resp. right). A solution ¢ # 0
means that the oscillators become entrained or phase locked: they evolve at the same fre-
quency, but with a difference on their phases. Finally, when v = K, the two fixed points
collide and vanish through a saddle node bifurcation. Figure 1.3(b) shows the parameter
space (v, K) the region of stability of the phase-locked solution, K < |v|. The triangular
shape of this stability region is known as Arnold tongue, and it indicates that, the larger is
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Figure 1.3: (a) Velocity field of the forced oscillator for different values of v. (b) Arnold tongue (blue
region).

the difference between natural frequencies, the larger needs to be the coupling strength K
to allow for an entrained solution. Thus, if one of the oscillators is naturally much faster
than the other one, it is not going to be possible to phase lock them unless accounting
for very strong coupling. Nevertheless, there exist a number of other ways in which the
oscillators can be entrained in this circumstance, for instance, 2 to 1, entrainment, which
means that for 2 cycles of the first oscillator, the second runs exactly 1 period. For more

details on these other solutions one can refer to [12].

Finally, the role of the Sakaguchi phase shift, v, is that of modifying the way in which
the two oscillators interact. We have seen that for v = 0 and v = 0 the oscillators always
synchronize. Keeping the natural frequencies identical, v = 0, and changing +, the fixed
points ¥y and 1, shift to the right by -, so that the oscillators might be entrained, but
not evolving exactly at the same phase. In the limiting case of v = 7, the synchronized

solution is unstable and the antiphase solution is stable, thus, the coupling is repelling.

1.4 The Kuramoto-Sakaguchi model

Having understood the concept of phase locking in a small system, we move now to collec-
tive synchronization. Let us consider now the Kuramoto-Sakaguchi model [20]: a system
composed of V oscillators, where all the units are interacting with the rest of the network
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1.4. The Kuramoto-Sakaguchi model

via a sinusoidal coupling function. This is, the phase of the j-th oscillator, ¢; € [0, 27),

evolves according to

N
: K ) .
¢j:wj+ﬁzlsm<¢m_¢j+7) j=1,...,N; (1.9

where w; are the natural frequencies of the different oscillators, K > 0 is the coupling
strength, and y € [0, 27) is the Sakaguchi phase-shift. For v = 0 one recovers the original
Kuramoto model, which has been largely studied as a paradigm model for collective syn-
chronization phenomena. The behavior of this system can be characterized by the complex

Kuramoto order parameter

N
. 1 :
_ o 1)
R = |R|e™ = NZ@ ecC, (1.10)
7j=1
which is nothing else than the mean-field of the system in the complex plane. If all the
oscillators evolve closely together, then |R| ~ 1, whereas if the oscillators evolve inco-
herently one to the other, then |R| ~ 0, as represented in Figures 1.4(a,b). Moreover, the

Kuramoto order parameter allows us to rewrite system (1.9) as

¢; =w; + K|R|sin(a — ¢; + ) . (1.11)

Notice the similarity of this equation with that of a driven oscillator (1.7). There are,

nevertheless two important differences. The first one is that the coupling term depends

on a new parameter |R|, as if the forcing had also an amplitude. The second, and more
crucial, is that the evolution of |R| and o depends on the entire ensemble of oscillators,
including the oscillator j itself. Hence, mathematically, the problem needs to be treated
self-consistently, using the definition of the order parameter (1.10). Nevertheless, one can
anticipate that concepts such as Arnold tongues and phase locking will also play an im-

portant role here.

We first study the original Kuramoto model, i.e., with v = 0. To illustrate the ef-
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fect of the coupling, Figure 1.9(c) shows the final value of |R| for different values of
the coupling strength, computed through simulations with N = 1024 oscillators (see
blue circles and green triangles). The natural frequencies of the single oscillators are
set randomly according to a Lorenzian (Cauchy) distribution, with scaling parameter A,
g(w) = [rA(1 + 2—22)]_1. For small coupling strength | R| remains small, indicating that
the system evolves incoherently. As K increases, there is a second-order phase transi-
tion towards synchrony. For A = 1 the bifurcation occurs at K. >~ 2 (see blue circles),
whereas if A = 2 the distribution of natural frequencies is wider, and the transition occurs
at K. ~= 4 (see green triangles). This is an example of Arnold tongues affecting collec-

tive synchronization.

The effect of the Sakaguchi phase shift is that of changing the role of the coupling
function, going from attractive (v = 0) to repulsive (y = 7). Thus, if 7/2 < v < 37 /2 the
Kuramoto model does not display any transition to synchrony and the oscillators remain in
an incoherent state. For 7 < 7/2 the bifurcation point is shifted to the left, as represented

by the amber crosses in Figure 1.9.

On the limit of identical oscillators, w; = w Vj, there is no interplay between the
natural frequency of each oscillator and the effect of the coupling: the Arnold tongue
effect vanishes. Mathematically, this becomes evident eliminating the coupling strength
parameter through a time rescaling, ¢ — ¢/K. In fact, one can also get rid of the natural
frequencies by sitting ourselves in a rotating frame 0; = ¢; — wt, so that the Kuramoto-

Sakaguchi model (1.11) now reads
0, = |R|sin(a — 0; + ) .

This system has only one parameter, 7: if v = 0 all the oscillators evolve in perfect syn-
chrony, and when v = 7 /2 there is a discontinuous transition towards a incoherent regime.
Despite of its simplicity, the homogeneous Kuramoto-Sakaguchi model establishes an im-

portant base point for many of the results that will be discussed throughout this thesis.
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Figure 1.4: (a,b): Snapshot of the Kuramoto model in a disordered state (a), and an almost synchronous state
(b). Blue circles represent the positions of the different oscillators in the unit circle. Red arrows represents
the complex Kuramoto order parameter. (c) Modulus of the Kuramoto order parameter versus coupling
strength in the Kuramoto-Sakaguchi model. Blue circles, green triangles, and amber crosses correspond to
simulations of the microscopic system (1.9) with N = 1024 oscillators. Red continuous line, black dashed
line, and cyan point-dashed line correspond to the results obtained using the Ott-Antonsen Ansatz. The
natural frequencies of each oscillator are drawn from a Lorenzian distribution with scale parameter A. Blue
circles and red line correspond to A = 1 and v = 0. Green triangles and black dashed line correspond to
A =2 and v = 0. Amber crosses and cyan point-dashed line correspond to A = 1 and v = 7 /4.

1.5 Macroscopic approach and low-dimensional descrip-

tion

In the limit of N — oo one can describe the system macroscopically by means of a
(nonlinear) Liouville operator. Let P(¢,w,t) be the density of oscillators with natural

frequency w that have phase ¢ at time ¢. Then, the mean-field (1.10) now reads

2 o)
R = |R|e™ :/ dw/ dwP (1, w, t)e™ (1.12)
0 —00

and the velocity field (1.11) becomes

O=w+ o (Re™"™) — R*e'®™) =: B(¢,w, R) .
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Thus, using the conservation law of number of oscillators, the macroscopic description of

system (1.9) is given by the following Liouville-type operator,

0 0
EP(gzﬁ,w,t) = ~ 90 {B(¢,w, R)P(¢,w,t)} . (1.13)

This expression is a nonlinear partial integro-differential equation that needs to be solved
self-consistently with Eq. (1.12). Since P is a ¢-periodic function, Fourier analysis pro-
vides a proper basis to study its properties under the corresponding evolution operator. Let

us define the Fourier modes of P as

2
P(k,w,t) = ﬁ/o P(¢,w, t)e*dg |

Thus, the Fourier transform of P reads
g (w) — = —ike
P(p,w,t) = o k;o P(k,w,t)e"*

Hence, determining the time-evolution of all the Fourier modes of P equals to solve the
continuity equation (1.13). Notice that, since P is a real function, the relation ]5(k, w,t) =
p* (—k,w, t) always holds. Ott and Antonsen showed in 2008 that it is possible to reduce
such infinite dimensional problem to a system of two ODEs [21]. The so-called Ort-

Antonsen Ansatz consists on relating all the Fourier modes through
P<k7 w, t) = [a(w, tﬂk '

Inserting the Fourier expansion of P in the macroscopic equation (1.13), and making use

of the Ansatz, one finds that the evolution of a(w, t) is given by

K A .
d(w,t) = iwa(w,t) + 5 [Re — R*'e a(w,t)?] .
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Also, the self-consistent condition (1.12) now reads

R= /OO g(w)a(w, t)dw . (1.14)
Thus, given a initial condition a(w,0) the dynamics of the Kuramoto-Sakaguchi system
is ruled by a two-dimensional system (notice that « is a complex function). Moreover,
for specific distributions of the natural frequencies g(w), equation (1.14) can be solved
explicitly. In particular, if g(w) is Lorentzian with scaling parameter A, then the dynamics
of the system can be described direclty by the evolution of the complex Kuramoto order

parameter,
R=—AR+ 5 (R — |RPRY ™) |

The red line, black dashed line and cyan point-dashed line in Figure 1.4(c) show the out-
come of this latest equation for the values of A and ~ studied microscopically.

The macroscopic solutions characterized by the Ott-Antonsen manifold P(k,w,t) =
a(w,t)™ not only provide an effective low-dimensional description of the Kuramoto—
Sakaguchi model: they are the only attracting solutions of the system in the thermody-
namic limit provided that g(w) is analytic. In the limiting case of identical oscillators,
in principle, the Ott-Antonsen Ansatz is not globally attracting and one needs to rely on
a more general theory, developed years before by Watanabe and Strogatz [13, 14]. Ac-
cording to this theory, the Kuramoto-Sakaguchi model is partially integrable, and it can
be described by three global variables (one of them completely determined by the other
two), and infinitely many constants of motion, being the Ott-Antonsen manifold a specific
choice of such constants [16, 15]. Thus, although useful in many different relevant con-
texts, the behavior of ensembles of phase oscillators with sinusoidal coupling is relatively
simple and quite well understood. Throughout this thesis we show how different types of
coupling in networks of identical oscillators lead to richer dynamical regimes that escape

the low-dimensional description provided by the Watanabe-Strogatz theorem.
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Chapter 2

A minimal model of self-consistent

partial synchrony

2.1 Introduction

Adiabatic elimination of the amplitude through the phase reduction method provides an
effective route to analyze collective behavior of systems composed by coupled oscillatory
units in a generic way. Nevertheless, a comprehensive theory describing how phase oscil-
latory systems behave is so far missing. Indeed, such a theory would require to account for
many features, such as the structure of the interaction between the single units, the type of
coupling, and the level of heterogeneity among the different oscillators. The Kuramoto-
Sakaguchi model an its low-dimensional description through the Watanabe-Strogatz the-
orem constitutes an important milestone. Despite its simplicity, it has been proved a use-
ful model to describe many real-world phenomena, such as neural networks [1], power
grids [2], and circadian rhythms [3]. On the other hand, the assumption of a sinusoidal
coupling proves insufficient to reproduce more complex phenomena without accounting

for nonlinear coupling, special network topologies, noise or time-delay.

Already on homogeneous systems coupled through mean-field, where the dynamics of

each unit is identical to the rest, it is not clear what types of dynamical regimes one can ex-

33



Chapter 2. A minimal model of self-consistent partial synchrony

pect. Macroscopically one can classify the regimes emerging in this context by the shape
of the probability density of the phases. On one side, there are clustered states, where the
oscillators are spread in a collection of Dirac d functions. On the other side one finds splay
states, where the oscillators are spread uniformly. A mix of these two situations can be
found in the famous chimera states, where the oscillators spontaneously spread between
a fully synchronized cluster and a incoherent group through symmetry-breaking. Most of
the efforts have been devoted to the study of clustered [4] and chimera states [5, 6] and
much less to the identification and analysis of regimes characterized by a smooth but non-
uniform distribution of phases. In some trivial cases this type of solutions are attainable
in states where the oscillators are phase-locked on the macroscopic distribution [7, 8, 9].
However, is of special interest the situation where the frequency of the single units is
incommensurate with that of the mean field. Such regimes, are herein referred to as self-
consistent partial synchrony (SCPS). The simplest form SCPS consists of a periodic col-
lective evolution in which the microscopic dynamics is quasiperiodic. Examples of such
dynamics are: integrate-and-fire (IF) neurons interacting through finite-width pulses (the
so-called a-functions) [10]; nonlinearly coupled Stuart-Landau systems [11]; a Kuramoto-
like model obtained via phase reduction from the above mentioned Stuart-Landau ensem-
ble. Also a variant of quasiperiodic partially synchronous dynamics has been detected
in models beyond phase approximation, i.e., in globally coupled Hindmarsh-Rose neu-
rons and Stuart-Landau oscillators; where the macroscopic and microscopic frequencies
are equal only on average, but the motion of oscillators is additionally modulated by a

generally incommensurate frequency [12, 11].

In this chapter we further illustrate the richness of the Kuramoto-Daido model by
showing that SCPS spontaneously emerges in a minimal extension of the Kuramoto-
Sakaguchi setup to a biharmonic model, where the coupling function GG is composed of
just two harmonics. The simplicity of the biharmonic model allows for a detailed analysis
of SCPS, which can be seen as a stationary solution of a continuity equation in a suitably
rotating frame. Accordingly, the phase-distribution can be accurately determined from the
emergence of SCPS out of the splay state — through a Hopf bifurcation — to its collapse
onto full synchrony as in [13, 9]. The additional stability analysis confirms the numerical

34



2.2. The biharmonic model

evidence of the onset of an instability and allows identifying the unstable direction. The
biharmonic model had been introduced already in previous works to study a switching dy-
namics between two cluster states [14, 15]. We revisit the stability properties of clusters,
to understand under which conditions trajectories converge towards an heteroclinic cycle
(HC). Moreover, we find that heteroclinic cycles can be viewed at as a different type of
self-consistent partial synchrony. Finally, to further explore the ubiquity of SCPS, we also
study its emergence in an ensemble of linearly coupled Rayleigh oscillators. Performing
the phase reduction method, we reconstruct the corresponding coupling function which
turns out to contain a few harmonics. The resulting Kuramoto-Daido setup is shown to

reproduce the dynamics of the original system.

This work has been done in collaboration with Michael Rosenblum (Potsdam Univer-

sity).

2.2 The biharmonic model

In this section we introduce the main reference model: an ensemble of identical, globally-
coupled Kuramoto-Daido oscillators. The phase of each unit, ¢; € [0,27), evolves ac-

cording to
. 1 N
d)j:NleG(gbm—@) j=1,...,N. (2.1)

The coupling function G(¢) is assumed to have a biharmonic shape

G(¢) = sin(¢ +71) + asin(2¢ + 72) ,

where 7; and 7 are Sakaguchi phase shifts, v;, v, € [0, 27), and the amplitude of the sec-

ond harmonic is set to a = 0.2. The dynamics of the phase oscillators can be characterized
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Chapter 2. A minimal model of self-consistent partial synchrony

with the help of the Kuramoto-Daido order parameters,
1 N
D ._ ik
P(k,t) := N jg_l e . 2.2)

Such macroscopic observables contain all the necessary information to characterize the
dynamics of the system for large N. The modulus of the first order parameter |P(1,1)|
correspond to the usual Kuramoto order parameter introduced in the previous chapter. It
describes the level of synchronization of the network of oscillators, being equal to 1 when
all the units evolve at the same phase, and equal to O when they are spread uniformly

around the circle. On the other hand, the argument of P (1,t) acts as a global phase
¢ = arg []5(1,75)] .

Its average growth rate determines the macroscopic frequency of the system, {2 = <<i>>,

which in some cases is to be compared with that of the single units,
v=(¢;) -

The first two Kuramoto-Daido order parameters suffice to express the evolution equa-

tion (2.1) in the more compact form
b; = —% [P(l,t)e_i(d’j_“) +aP(2,t)e i) _ cc| (2.3)

where c.c. stands for complex conjugate.

2.2.1 A macroscopic description

In the limit of N — oo oscillators, the macroscopic dynamics of the model is effectively
characterized by the probability density of the phases at time ¢, P(¢,t). At the thermody-

36



2.2. The biharmonic model

namic limit, the definition of the order parameters (2.2) reads

P(k,t) = /0 " dipP (i, t)e*? . (2.4)

Thus, the Kuramoto-Daido order parameters correspond, in fact, to the Fourier modes of
the probability density. Therefore, at a fixed time ¢, the order parameters determine the

shape of P as a linear combination of harmonic functions as

o0

P(6) — % S Bl t)e o

k=—o00

The velocity field (2.3) defining the evolution of the oscillators evolving with phase ¢
under the action of P(1,t) and P(2,t) now reads
7

¢ = -5 (P(l,t)e’i(“b"“) +aP(2,t)e"2972) c.c.)

_ /0 "G — )P, 1)
=: B[¢, P(1,t), P(2,1)]

and, therefore, the evolution of the probability density is characterized by the continuity

equation
0 0

EP@J) = o0

Such nonlinear partial integro-differential equation is obtained as a conservation law of the

{B[¢,15(1,t),]5(2,t)]P(gb,t)} . (2.5)

number of oscillators, and is equivalent to the Liouville operator of a vector field, with the
exception that the velocity flux B depends also on P through the two first Fourier modes
defined by Eq. (2.4).
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Figure 2.1: Phase diagram of the biharmonic model (2.1). The splay state is stable in all the amber central
square region. The fully synchronous regime is stable in the top and bottom light red regions delimited the
two branches of I'; (blue). The antiphase two-cluster regime is stable in the left and right blue slantwise
hatched region delimited by the two branches of I'_ (blue) and the central square. The black slantwise
hatched eyelet delimited by curves I'y and I'_ indicate the region where non-trivial two-cluster states exist
and the inter-cluster exponent is negative. The green regions correspond to the regions where non of the
simpler dynamical states are stable. The black box shows the range that has been explored numerically in
figure 2.4.

2.3 Phase diagram

In this section we study with detail the shape and stability of the simpler dynamical regimes
that emerge from system (2.1) upon tuning the parameters i, and ;. Some of these fixed
points can be studied already using the microscopic formulation of the model, whereas
other rely on the macroscopic description. In both cases the stability is assessed by means

of standard methods.
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2.3.1 Full synchrony

The paramount solution of a homogeneous system of oscillators is the state of full syn-
chrony. In such regime all the oscillators evolve with exactly the same phase ¢; = ¢

Vi =1,..., N. Inserting such Ansatz in Eq. (2.1) one obtains,

Therefore, the synchronized solution is not, in general, a stationary fixed point and the
ensemble oscillates with frequency G(0) = sin(v;) + asin(v2). The macroscopic repre-
sentation of this regime is a delta function P(¢,t) = d(¢ — ¢o(t)) (see Fig.2.2(a)) and the
modulus of all the order parameters is equal to 1, representing thus the maximum level of

synchrony.

Stability analysis of such a solution is easy at the level of a microscopic description.
Let us consider a small perturbation d¢; of the phase of oscillator j. The linearization of

equation (2.1) around ¢; = ¢, provides the evolution of the generic perturbation d¢; as

N N
0 = % > G(0)(0m — 6¢;) = —G'(0)6¢; + % > G(0)0¢m  Vi=1,...,N.
m=1 m=1

The resulting linear system of N equations can be written in a matrix form,

o 5N § \ [
5(152 1 1-N 1 Scha
— G(0) N N N
b bood o 58 oy

The previous matrix is circulant and symmetric, so its spectral properties are well estab-

lished. It has one zero eigenvalue )y = 0 corresponding to a uniform eigenvector, d¢; = 1
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for all 7, corresponding to the marginal stability of a uniform phase shift of the entire distri-
bution of oscillators. The other NV —1 eigenvalues are all \; = —1, so that the synchronous

regime is linearly stable if
—cos(71) — 2acos(y2) < 0.

Figure 2.1 depicts this region of stability delimited by the two branches of the curve I'}
defined as 0 = cos(71) + 2a cos(2) (see red curve).

2.3.2 Incoherent states

The regime conceptually opposed to full synchrony is the splay state, a solution where
the oscillators are spread uniformly around the unit circle, P(¢,t) = % (see Fig.2.2(b)).
In this case all the order parameters are zero, so that the coupling term in equation (2.1)

vanishes, and the oscillators stay in a fix position.

Since the coupling term only involves the two first harmonics of P, any probability
density that satisfies the condition P(1,t) = P(2,t) = 0, but P(k,t) > 0 for |k| > 2, is
also a fixed point of the system. Thus, there exist infinitely many solutions of Eq. (2.5)
where the oscillators are locked in a non-homogeneous state. We refer to these regimes as

to incoherent states' .

Stability analysis of the splay state

The stability analysis of the splay state is transparent from the macroscopic description
provided by Eq. (2.5). Let Py(¢,t) = % be the splay state solution, and let us consider an
infinitesimal perturbation u(¢, t) of Fy. The corresponding linearized equation is

ou 1 0

%= 35 (o, a(1,t),a(2,t)]

'Notice that in other works, some of these regimes had been referred to as trivial forms of SCPS. Nev-
ertheless, since they present phase-locking and, moreover, the coupling term vanishes, we preferred not to
consider them as SCPS.
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Figure 2.2: Probability density distribution P(¢) characterizing the simpler regimes of the biharmonic
model. (a) Fully synchrony, where the height of the § indicates its integral. (b) Splay state P(¢) = 1/(2).
(c) Incoherent state where P(1) = P(2) = P(4) = 0, P(3) = 0.8 and other modes are set randomly with
smaller amplitudes. (d) Antiphase clusters.

where we have used that B[, Py(1), P5(2)] = 0. Using the Fourier expansion of u one
has that

ou 1 0 & .
et - ~ —ipk
o7 () = = k:ZOOu(k, t)e

1 . )
= = (a(1, t)e @) + 2qi(2, t)e "0 tcc.) .
m

The evolution equations of the Fourier modes @(k, t) are then given by

d 1,
—u(l,t) = —e™
dtu( 7 ) 26 bl
d

—1(2,t) = ae"? |

dt
d

%ﬂ(k,t) =0 if |kl > 2

complemented by the complex conjugate equations for the negative £-modes. Manifestly,
the equations are diagonal and the stability is determined only by the eigenvalues cor-
responding to the two first Fourier modes, \; = %e"“ and A\, = ae"?, The stability
boundaries of the splay state is then the central amber box in Figure 2.1. The directions

corresponding to higher wavelength are marginally stable, corresponding thus to perturba-
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tions of the splay state that would lead to non-uniform homogeneous solutions.

Stability analysis of other incoherent solutions

Are there stable incoherent solutions in regions where the splay state is unstable? To
answer this question one needs to assume a specific form of incoherent solution, and re-
peat the stability analysis performed in the previous subsection. Let’s assume then that
P(¢,t) = P(¢) is a time-independent probability density with P(1) = P(2) = 0. Then
it is still true that B[¢, P(1), P(2)] = 0, and by linearizing the continuity equation one

obtains that the evolution of the Fourier modes of an infinitesimal perturbation w is,

d k.. =~ o~
ik, t) =5 <e”1P(k —Da(1,t) + ae Pk — 2)a(2,t)
e Pk 4 Da(—1,1) — ae~"2 P(k + 2)(—2, t)),
where k = —o0, . .., 00. The corresponding infinite dimensional matrix has only four non-

zero columns. If the jth column of the linear operator is zero, then the canonical vector
e; = {d;m}m is an eigenvector associated to a zero eigenvalue. Therefore, similarly than
for the splay state, there are infinitely many marginally stable directions, and only four

eigenvalues determining the stability of the solution. These four eigenvalues are given by

k = —2,—1,1, and 2 in the previous set of ODEs. The corresponding linear system is
then
i(—2) ae" 0 —eMP(=3) —aeP(—4)\ [a(-2)
u(-1) 0 lemm 0 e P(=3) | | a(-1)
i) | | szeep(3) 0 Lem 0 a1 |
i(2) —ae~ 2 P(4) —e M P(3) 0 et i(2)
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where we dropped the time dependence of u(k, ¢) for simplicity. Notice that only the third
and fourth Kuramoto order parameters are not associated with a marginally stable direc-
tions. For the particular case 15(3) = 0, the real part of the resulting eigenvalues changes
sign as those associated to the splay state. One can find general stability conditions for
arbitrary P(3) and P(4) using, for instance, the Routh-Hurwitz criterion. Nevertheless, to
prove that there is at least one incoherent state that is stable outside of the stability region
of the splay-state it is enough to study the simpler case P(4) = 0, P(3) = 1. In this case,

the previous matrix has two zero eigenvalues, and a pair of complex conjugate eigenvalues,
_ JFim +ivyo
Ay =e + 2ae™""?,

so that the corresponding stability region is exactly the complementary of the synchronous
state one. Since we have not specified any restriction on the Fourier modes with wave-
length |k| > 4, there are infinitely many solutions sharing this stability boundaries (see
Figure 2.2(c) for a specific example). The most peculiar one is that where ﬁ(k:) =1lifkis
multiple of 3, and zero otherwise. Such Fourier spectrum corresponds to a case where the
oscillators are uniformly distributed in three equispaced groups or clusters, which brings

us to the next class of solutions.

2.3.3 Clustered states and heteroclinic cycles

An n-cluster state consists of n families of oscillators where all the units within the same
family evolve with identical phase. The fully synchronous regime represents the limiting
case of one single cluster, and similarly to that case, a macroscopic representation of n

clusters consists of a collection of n Dirac ¢ functions,
n—1
P(¢.t) =Y a;o(6 — (1))
§=0

where ¢; is the phase that characterizes cluster j, and «; is the proportion of oscillators
at cluster j, ag + - - - + a,,—1 = 1. If the clusters are of equal size and the corresponding
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phases ¢; are uniformly distributed between [0, 27), then P(1,t) = 0. Furthermore, if
such uniform clustered state consists of more than two clusters, then P (2, t) vanishes too,
and the regime falls into the category of incoherent states. As showed in the previous sec-
tion, in the biharmonic model only the case with n = 3 uniform clusters might be stable

beyond the stability boundaries of the splay state.

Therefore, in the rest of this section we focus only on two-cluster states, Both for the
sake of simplicity and since they are the most widely observed, here, we focus on the
symmetric case of equal-size clusters. The resulting analysis can be easily extended to

clusters with different sizes.

Two-cluster solutions
The phases ¢y and ¢; of the two families follow the differential equations

bo = [G(¢o — ¢1) + G(0)] . (2.6)

DO | —

OO+ G -] . =

The two clusters are separated by a distance 0 = ¢y — ¢;. Such separation variable evolves

according to
[G(=0) = G()] = =Gald) 2.7)
where (G4 is the anti-symmetric component of the coupling function G,

GA(6) = sind(cosy; + 2acosy, cosd) . (2.8)

Two-cluster solutions are identified by fixed points of Eq. (2.7), i.e., the zeros of G 4.
There are various solutions of the equation G 4 () = 0. The obvious one is 4y = 0, which
corresponds to the fully synchronous state. On the other hand, 6y = m corresponds to

an antiphase two-cluster state. Two further solutions can be found by setting to zero the
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expression in parentheses in Eq. (2.8),
cosSy; + 2acosypcosd =0 . 2.9)

Such pair of solutions represent only one physically meaningful state: given a two-cluster
state characterized by a separation dy, the same state can be seen as characterized by a
separation 2w — 4y, if the two clusters are exchanged. Since |cos(d)| < 1, solutions of

Eq. (2.9) only exist in the parameter region delimited by
't :=cosvy; =2acosy, =0. (2.10)

This equation with a plus sign corresponds to the case where ¢ reaches zero, and consis-
tently defines the same curve as the stability condition for the synchronous state (6 = 0).
On the other hand, the equation with the minus sign corresponds to the case where the two
cluster become antiphase (0 = m). Therefore, the non-trivial cluster state (0 < § < m)
is born from the antiphase clusters and dies out when the two clusters merge at the syn-

chronous state.

Stability and heteroclinic cycles

The stability of a two-cluster state is determined by two different kinds of eigenvalues:
the inter- and intra-cluster exponents. The inter-cluster exponent \; measures the stability
against perturbation of the phase-separation between the two clusters. From Eq. (2.7) it

follows
A1 = —G"4(8g) = cos 1 cos by + 2a cos Y cos 20 - (2.11)

The intra-cluster exponents )\§ measure the stability of the width of each cluster. In par-
ticular it determines the transversal stability of an oscillator that is forced by the coupling

term without participating to it. From the equations of motion (2.6) it is readily found that
A = —[G4(0) + Gy(d) £ Gis(60))
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where

Gs(9) == 5 [G(—0) + G(9)] = siny; cos b + asin vy, cos 24

is the symmetric component of G. The solution with the plus (resp. minus) sign refers
to the cluster that is lagging behind (resp. leading) by dp. The maximal intra-cluster

eigenvalue is therefore,
]' / /
Am = 3 [G'4(0) + G'4(d0) — |G's(d0)I] - (2.12)

Let’s focus first to the antiphase cluster state. In this case the inter-cluster exponent
G’y (1) = — cos 1 +2a cos 7, is negative in between the upper and lower branch of I _ and
vanishes along I'_, confirming that the clustered solutions bifurcate out of the antiphase
state. The stability of the antiphase state to intra-cluster perturbations is controlled by (see
Eq. (2.12)),

Ay = —2acos s , (2.13)

so that this state is stable within the light blue hatched region in Fig. 2.1.

Let’s move now to the nontrivial two-cluster state (0g # ). Whenever this solution
exists (in the eyelets delimited by I', and I'_ in Figure 2.1) the inter-cluster exponent has
complementary stability boundaries to that of the fully synchronous and anti-phase clus-
ters solutions because of the one-dimensional nature of the equation (2.7). In fact, '}
indicates a pitchfork bifurcation, supercritical when 7/2 < -, < 37/2 and subcritical
otherwise. Therefore, the distance J, between the two non-trivial clusters is only stable

within the two black hatched eyelets in Figure 2.1.

By taking into account that G 4(dy) = 0, one finds that
20y = —cosyi(1 —cosdy) + | sindo(siny; + 4asiny, cosdy)| - (2.14)

Therefore, such a two-cluster state is unstable for 7/2 < v; < 37/2. A detailed analysis
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for a = 0.2 (with the help of a computer) reveals that the solution is unstable also within

the eyelet e;.

As we show in Section 2.5, this is not yet the end of the story. The opposite sign of
the two exponents /\E implies that, while the width of one cluster decreases, that of the
other one diverges. However, as already discussed in [14], once the width of the “ex-
ploding" cluster becomes of order 1, nonlinear effects (not captured by a linear stability
analysis) induce a relative phase shift of the two clusters, so that the leading cluster be-
comes the lagging one: this implies a stability “exchange". As a consequence, the long
term behavior can be assessed after averaging over the alternating periods of stability and
instability. Symmetry reasons imply that the time duration of such two periods are equal

to one another, so that the average exponent is, in general,
]' ! /
)\a - —5 [GA(O) + GA((SQ)] . (215)

In the biharmonic model

1
Ao = —3 cos (1 — cosdyp) -

In the region of interest, A\, < 0if cosy; > 0, i.e., the fluctuations of the cluster widths on
average decrease, without ever collapsing onto it. This is nothing but an attracting hetero-

clinic cycle (HC). A schematic representation of this situation is depicted in Figure 2.3.

2.4 Self-consistent partial synchrony

Most of the dynamical regimes studied so far share an important property: the evolution of
the macroscopic observables (the Kuramoto-Daido order parameters) is identical to that of
the single oscillators. For instance, the splay state and other incoherent states correspond
to fixed points in a infinite dimensional space, and neither the Fourier modes of P nor the
single oscillators evolve on time. On the other hand, at the fully synchronous state, both the
macroscopic variables and the individual units evolve with the same constant frequency:

there is phase locking. The exception to this claim is the heteroclinic cycle between two
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Figure 2.3: Schematic representation of the heteroclinic cycles between two two-cluster states. Each family
of oscillators is depicted in a different color.

two-cluster state.

The novelty we present in this thesis, and the reason why we are studying the bihar-
monic model, is the existence of another stationary regime, namely, self-consistent partial
synchrony (SCPS), where the macroscopic observables do not evolve in the same manner
as the microscopic units. In other words, the single oscillators are not phase-locked on
such distribution”. In the biharmonic model SCPS arises in the simplest motion possible:
the probability distribution P has a fixed smooth shape that evolve with a constant fre-
quency, €. As aresult, the macroscopic dynamics, identified by the generalized Kuramoto
order parameters P(/{:, t), is characterized by a one dimensional torus T1. Therefore, it can
be studied analytically by sitting ourselves on a frame that rotates with the same velocity
as P. This corresponds to rewrite P(6,t) = P(¢ — Qt,t) in Eq. (2.5), so that it reads

0 0

SP(0.1) = = ({2 Blo, P11, P} PO.1) (2.16)

In this frame, the distribution of the oscillators at SCPS is nothing else than a fixed point

2As discussed in Section 2.5, according to this definition, HC can be interpreted also as a form of SCPS.
Nevertheless, throughout this chapter we differentiate the two regimes to avoid confusion.
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on the previous equation, P(6,t) = P(6). Thus, the time derivative of P vanishes, which
means that the phase derivative on the right hand side is actually zero and, upon integrating

on the spatial variable, one obtains
_H= {Q — B[, P(1), P(2)] } P@®) 2.17)

where H is the constant of integration. We have put the minus sign on the right hand side
of the previous equation so that A has the physical interpretation of probability flux. In
other words, H it is the instantaneous proportion of oscillators that cross any point of the
spatial domain ¢ € [0, 27). Therefore, 2w H + €2 =: v corresponds to the average micro-

scopic frequency at which the single oscillators evolve.

Now, solving Eq. (2.17) for P(6) one obtains an implicit equation for the shape of the

probability density,
—H

PO) =52 Blo, P(1),P(2)] -

(2.18)

In principle, this equation depends on six unknowns: the two complex variables P (1) and
P (2), the macroscopic frequency 2, and the probability flux H. Nevertheless, one is free
to impose the phase of the probability distribution as arg []5 (1)} = 0. On the other hand,

the probability flux H can be determined by imposing the normalization condition

/O% doP(9) = 1.

Then, equation (2.18) needs to be solved together with the self-consistent conditions
5 2w ] 5 2 ]
P(1) = / dOP(#)e and P(2) = / dOP(0)e*”,
0 0

which consists in finding a fixed point on a four-dimensional space. This problem can,

thus, be solved by means of search methods, for instance, a genetic algorithm [16].
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2.4.1 Stability analysis

In order to determine the stability of self-consistent partial synchrony, we consider an
infinitesimal perturbation (6, t). Upon inserting P(#) + u(6,t) in the continuity equa-

tion (2.16) and retaining first order terms one obtains that the evolution of u is given by

%u(@,t} - % ({Q — B[0, P(1), P(2)] } w(0,t) — B0, a(1,t), @(2, t)}p(@)) .

The spectrum of this linear operator is purely point-like and can be determined by approx-
imating the infinite-dimensional operator with finite matrices of increasing size. The most

effective method consists in expanding (6, t) into Fourier modes

o0

1 )
u(®,t) = > alk,t)e

k=—o00

As a result, the time evolution of u can be written as the time evolution of the different

modes,

%a(k:, t) = k{—ma(k, t) + %e”l [P(D)a(k —1,t) + P(k — 1)a(1,t)]
- %e—m (P(=1)ilk+1,8) + P(k + 1)i(~1, 1)

+ %aeiw [ﬁ(Q)ﬂ(k -2, t) + P(k - 2)71(27 t)]

_ %ae—m [P(=2)u(k + 2,t) + P(k + 2)u(—-2, t)]}

where k = —o0, ..., 00. Such infinite dimensional system of linear ordinary differential

equations can be rewritten in the more compact form

u=SP,0)u (2.19)
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where @t = {a(k, 1)} ___, P = {P(k)}>___, and the matrix S is defined as

—0oQ°

Sn (P, Q) 1= m{ — Q0.

1. . .
+ 5T P(D)dn-1 + Plm = 1)1,

1 8
— —e M [P(=1)0my10 + P(m+1)5_1,,]

2
+ %aem [p(Z)dme,n + IB(m — 2)52771]
1 o~ -
- §ae_”2 [P(—2)0m+2.n + P(m + 2)5_2,71]} ) (2.20)

Although this system is infinite dimensional, practically one selects a large but finite num-
ber of modes, k = —M, ..., M, for the Fourier expansion of P and u and check a poste-

riori that progressively increasing M does not modify the results.

2.5 Results

2.5.1 Microscopic analysis

We explore the phase space using simulations of the microscopic equations (2.1) in the
region indicated by the black rectangle in the bifurcation diagram of Figure 2.1. This area
includes the region where synchronous, incoherent and two-cluster states are all unstable.
Because of the system’s symmetry mentioned above, the upper eyelet is characterized by

equivalent dynamics.

Figure 2.4 summarizes the outcome of direct integration of the system (2.1) with N =
1000 oscillators initially distributed close to the splay state for a total time of 2 x 10%
time units. Each circle corresponds to a simulation, and they are colored according to the
different asymptotic regimes. The continuous curves correspond to the marginal stability
lines of the phase diagram 2.1 discussed in the previous section. Overall, five different
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Figure 2.4: Map of dynamical regimes of the system (2.1), obtained via a direct numerical simulation,
starting from a slightly perturbed splay state. The explored area corresponds to the black box in Fig. 2.1.
The color of each circle indicates the observed regime: full synchrony in red, splay state in black, antiphase-
clusters in blue, SCPS in green, heteroclycnic cycles in pink, and three-cluster state in light blue (only
appearing at o = 2.7, y; = 1.2). The continuous curves are as in figure 2.1. The map has been computed
for 1000 oscillators, with the transient time 2 - 10%. The three black triangles correspond to points where
SCPS is marginally stable as obtained from Eq. (2.19).

stability regions seem to be relevant. The splay state (black circles), fully synchrony (red
circles), and antiphase clusters (blue circles) are, as expected, confined in the stability
region determined analytically (compare with Fig. 2.1). In the bistable region between
synchrony and anti-phase clusters, the trajectories converge to the antiphase cluster state.
In the eyelet of interest, only two other dynamical regimes emerge: heteroclinic cycles
(pink circles) and self-consistent partial-synchrony (green circles). Notice that the HC
appears after a transient where the oscillators look distributed as SCPS. Such transient
becomes larger upon approaching the transition curve to synchrony (red continuous curve
in Figure 2.4). In fact, the belt of SCPS states surrounding the transition border in Fig. 2.4
appears to shrink upon increasing the computational time, so that it might not represent
the asymptotic phase state. Before commenting more details about these two regimes, it is
worth noticing that only one of the realizations has converged to a three-cluster state (see
ligh blue circle at v = 2.7, v, = 1.2).
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Heteroclinic cycles

In computer simulations of identical oscillators, if two units end up with exactly the same
phase, they will remain together for the entire simulation. In the HC state, oscillators
belonging to the same cluster become closer after each cycle, so that, eventually, they
separation becomes smaller than the available floating point representation, giving raise
a spurious stable two cluster state. In order to avoid this effect, one needs to introduce
a small heterogeneity in the ensemble. Namely, we set the natural frequencies of the os-
cillators, which are zero in the definition of the system (2.1), to be randomly distributed
uniformly in the interval [—0.5 - 10712,0.5 - 10~'2]. Whereas this change does not modify

all the other states, it is crucial for the detection of HC.

The behavior of the HC is illustrated in Figure 2.5, corresponding to a simulation with
v1 = 1.35, 7o = 7 and 1000 oscillators. In Figure 2.5(a) we plot a section of the time
evolution of the Kuramoto-order parameter, P (1,%). The almost constant plateaus of the
order parameter correspond to the intervals of time where the oscillators are distributed on
almost two clusters, whereas the sharp drops indicate the stability switch. Figure 2.5(b)
shows the time evolution of the phases corresponding to the single oscillators, ¢; (blue
lines), and the phase of P (1,t) (thick red line) in a frame co-rotating with the microscopic
time average frequency, v. The global phase (red line in Fig. 2.5(b)) grows quasi linearly
on time. Its growth rate corresponds to that of the single oscillators when they are dis-
tributed on two clusters. Nevertheless, the corresponding average frequency, {2, is clearly
larger from that of the single oscillators, v due to the permanent exchange of the leading
and lagging clusters. Finally, it is worth noticing that during the different cycles, the two

clusters do not exchange elements.

Phase transitions

In order to unveil the different transitions between asymptotic states, we perform a quan-
titative analysis along 7, = 7. The time average of different order parameters is reported

as black open circles in Figure 2.6(a-d), where three critical points can be identified:

53



Chapter 2. A minimal model of self-consistent partial synchrony
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Figure 2.5: Dynamics of the heteroclinic cycle. (a) Time variation of 15(1, t) reflects the slow switching
between cluster states. (b) Evolution of the phases of all oscillators (blue) and of the mean field (red) -
after subtracting the average growth v. For rather long epochs, oscillators are grouped into two clusters
with almost identical phases. However, these states are unstable and alternately each group widens until its
width becomes of order one, and then shrinks again. Notice, that there is no transfer of elements between
the two groups, but the mean field frequency is larger than that of the single oscillators. Indeed, one can see
that in the coordinate frame co-rotating with the microscopic frequency v, the phase of 13(1, t) drifts away.
Parameters are v = 7, 71 = 1.35, and N = 1000. The initial conditions correspond to a perturbed splay
state.

(1) %a) = m/2 signals the transition from splay state to SCPS;
(i1) 'yfb) ~ 1.401 signals the transition from SCPS to HC.

(1ii) fy{c) = arccos(2a) ~ 1.159 signals the transition from HC to full synchrony.

As already illustrated by the analysis of section 2.3.2, at %a) the splay state loses stability
through a pair of complex conjugate eigenvalues crossing the imaginary axis, and SCPS
is born through a Hopf bifurcation. Thus, the order parameters (| P(1,t)|) and (|P(2,t)|)
become positive, and the macroscopic oscillatory frequency (2 appears abruptly. After the
transition, the average microscopic frequency of the single oscillators v remains different
and incommensurate to {2, meaning that the single units are not phase-locked to the macro-

scopic distribution. The fact that  remains smaller than ) is not crucial for SCPS, since
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the change of parameters ¢ — —¢ reveals that on the upper eyelet of Figure 2.1 the same

bifurcation scenario applies, but with opposite sign on the direction of the oscillations.

Further reducing v;, SCPS loses its stability at vib), and the system falls into the HC
regime. Whereas the transition is clear on the discontinuous jumps of (|P(1,t)|) and v,
the second Fourier mode, (|P(2,t)|), and the macroscopic frequency 2 do not show any
symptom of a bifurcation. The switching between the stability of the two clusters makes
the average microscopic frequencies differ from that of the mean-field. Finally, approach-
ing fyfc), (|P(1,t)|) and (| P(2,t)|) become continuously closer to 1, as the synchronized
regime becomes stable and the only rotation frequency becomes that of the synchronized
regime. As commented before, close to the transition to synchrony the simulations seem
to be dominated by increasingly large transients. Thus, the nature of such transition is not

clear and will be discussed together with the stability of SCPS in the next section.

The abrupt jump in vfb) indicates that SCPS loses stability through a subcritical bi-
furcation, so that there might a region of hysteresis. Figure 2.6(f-h) shows the outcome
of simulations with adiabatically reducing (black circles) and increasing (orange line) ;.
Whereas the adiabatic decrease of the order parameter does not lead to new information
(cf. black circles in Fig. 2.6(a-d)), slowly increasing ~y; reveals that the stability boundaries
of HC extend also to the region where SCPS is stable, thus both regimes share a zone of
bistability.

2.5.2 Macroscopic analysis of SCPS

The macroscopic approach from section 2.4 allows us to explore the nature of SCPS
and its stability properties. Red line in Figure 2.6 shows the results of solving the self-
consistent equation (2.18) using a genetic algorithm® [16]. The macroscopic observables
clearly match the results obtained with microscopic simulations. Moreover, the existence

of SCPS extends beyond its stability boundaries, providing a continuous link between the

3Simpler search algorithms such as Monte-Carlo methods can also be useful for this purpose.
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Figure 2.6: (a-d): Order parameters obtained from the microscopic simulations of Eq (2.1) (black open
circles) and the macroscopic distribution of P given by Eq. (2.18) (red lines) with v = 7. Microscopic
simulations correspond to N = 1000 oscillators initially distributed close to the splay state. Time averages
are computed over 10* time units after a transient of 5 - 10* time units. (a) First order Kuramoto parameter.
(b) Second order Kuramoto parameter. (c) Difference between the time-average macroscopic frequency
) and the time-average microscopic frequency v. (d) Macroscopic frequency €2. (a-c) Order parameters
obtained from the microscopic simulations of Eq (2.1) with a slow decrease (black circles) and increase
(orange lines) of v;, with fixed v = m. Microscopic simulations correspond to N = 1000 oscillators.
Time averages computed over 10* time units after a transient of 10* time units. (a) First order Kuramoto
parameter. (b) Second order Kuramoto parameter. (c) Difference between the time-average macroscopic
frequency ) and the time-average microscopic frequency v.

splay state and the fully synchronous solution. Indeed, the first and second Fourier modes
of P go from 0 at vfa) to 1 at v(%), thus the shape of P is quite flat close to the splay state,
and becomes sharper upon reducing ;. For instance, Figure 2.7 shows the shape of P(0)

for o = 7, and 7y, = 1.45 (red line) and v, = 1.33 (black dashed line).

The stability of SCPS is given by the eigenvalues of operator S defined in Eq.(2.20),
which requires expanding P as a Fourier series up to some cut-off threshold M. Fig-
ures 2.8(a) and (b) show the resulting spectra for 7, = 1.45 and ; = 1.33 respectively.
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Figure 2.7: Probability density distribution of the oscillator’s phases, obtained solving the self-consistent
equation Eq. (2.18). Red continuous curve corresponds to v; = 1.45, and black dashed line to v; = 1.33.

The outcome of expansions with M = 100 (black crosses) and M = 500 (red circles)

provide a good agreement for the relevant eigenvalues.

The stationary shape corresponding to SCPS has, at least two zero eigenvalues. One
corresponds to the normalization condition of the probability density, as commented in
section 2.4. The additional zero eigenvalue that appears in Figures 2.8(a,b) corresponds to
a phase shift of the distribution. Indeed, we have verified that its associated eigenvector is
proportional to the derivative of P. For v, = 1.45, all the other eigenvalues are negative as
expected for a stable state. Nevertheless, there is a large band very close to the imaginary
axis, which seems to extend to infinite. Figure 2.8(c) shows that there is a clear exponential
decrease of the real part (in absolute value) upon the imaginary part gets larger. Therefore,
the tangent space associated to SCPS is folded with infinitely many weakly stable modes.
This can be traced back on the microscopic simulations: the inset of Figure 2.8(c) shows

the the evolution of a uniform distribution initially confined to an interval of size 2w — A,.

This is reminiscent of the stability of the incoherent states, which contain infinitely

57



Chapter 2. A minimal model of self-consistent partial synchrony

many marginally stable solutions. Moreover, this shows that the biharmonic model breaks
the existence of infinitely many conservation laws state by Watanabe-Strogatz theorem
when the coupling function is purely sinusoidal. For ; = 1.33 two pairs of complex
conjugate appear to have positive real part, thus SCPS is no longer stable. In Figure 2.8(d)
we keep track of the first pair of complex conjugates that cross the imaginary axis, and
thus indicates the Hopf bifurcation. Using this procedure we identify the transition points
marked with black triangles in Fig. 2.4. For values of v, closer to the transition to syn-
chrony, the shape of P gets too sharp to be identified properly. Nevertheless, from 2.8(d)
it looks like SCPS keeps being unstable, and it vanishes just at the transition point, marked
with a black dot at Re(\) = 0.

Additional information can be obtained by looking at the eigenvectors. Unsurprisingly
they are localized in the region where the probability density is concentrated. Moreover,
the higher the imaginary part of an eigenvalue, the larger the number of oscillations of the
corresponding eigenvector: this is a manifestation of the above mentioned (approximate)
relationship between imaginary parts and wavenumbers. The eigenvectors corresponding
to the unstable directions, u*) and u® are plotted in Fig. 2.9, separating the real from the
imaginary component (see the solid lines). One can also see that u(!) is also reminiscent
of the first and second derivatives of P respectively (compare red continuous and black
dashed lines in panels (a) and (b) in Fig. 2.9). The analogy extends to u?, if compared
with the third and fourth derivatives of P, although it becomes much more qualitative (see
panels (c) and (d) in Fig. 2.9).

2.6 SCPS in Rayleigh oscillators

In order to provide further evidence of the ubiquity of SCPS, we present a numerical study
of globally coupled identical Rayleigh oscillators, already defined in the introduction. The
equations are

ij — C(1 = @%)d; + w'z; = eRe [e7(X +1Y)] | (2.21)
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Figure 2.8: Stability analysis of SCPS obtained by diagonalizing S as given by Eq. 2.20). (a) Eigenvalues
of the linear operator S for v = 1.45 and 2 = 7 using a Fourier series of M = 100 (black crosses)
and M = 500 (red circles) modes. (b) Same for v; = 1.33. (c) Exponential decay of almost marginally
stable eigenvalues of (a). Inset displays the evolution of an initially flat distribution with a gap A(0) for
~v1 = 1.5 and 5 = 7, where SCPS is stable. The inverse gap-width 1/A is shown as a function of time, for
A(0) = 7/7 and 7/5, (black and red lines, respectively). (d) Real (black line) and imaginary (red dashed
line) parts of the pair of eigenvalues that first cross the imaginary axis. The results are shown only for the

eigenvalue with positive imaginary part.

where X = N7 'Y, zpand Y = N1, @) are two mean fields, while ¢ is the coupling
strength. Finally, the control parameter -y accounts for a phase shift of the coupling term:
it determines whether the interaction is attractive or repulsive in a similar way to the Sak-
aguchi phase shift on the Kuramoto-Daido models.

By introducing y = & the model reads

T =y,

y=C((1—y*)y—2z+cRe [eW(X + ZY)}
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Figure 2.9: Eigenfunctions associated to the eigenvalues controlling the stability of SCPS for v = 1.33.
Panels (a) and (b) show real and imaginary part of the eigenfunction associated to A (red lines), and first
and second derivatives of P suitable rescaled (black dashed lines) respectively. Panels (c) and (d) show real
and imaginary part of the eigenfunction associated to A(?) (red lines), and third and forth derivatives of P
suitable rescaled (black dashed lines), respectively.

As shown in the previous chapter, the uncoupled units in Egs. (2.21) exhibit limit-cycle
oscillations, while the nonlinearity parameter ¢ determines the stability of the limit cycle.
For ( = 5 the transversal Lyapunov exponent is -7.358, thus, adiabatic elimination of the

amplitude is rather meaningful.

An appropriate order parameter is
p =rms(X)/rms(x) ,

where “rms” means root-mean-square of the time evolution. The splay state is charac-
terized by a constant mean field and thereby p = 0. In the fully synchronous state, for
identical oscillators, the microscopic and macroscopic dynamics are equivalent to one an-

other so that p = 1.
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The scenario resulting for N = 1000, e = 0.05, ¢ = 5, and transient time 7.5 - 10° is
reported in Fig. 2.10(a). It is reminiscent of that observed in the biharmonic model, with
some differences. SCPS establishes itself in between the parameter range where full syn-
chrony is stable (below v ~ —0.6) and the region where p is negligible (above v ~ 0.05)
(see a snapshot in Figure 2.10(c3)). In this case, the mean field is slower than the individ-
ual oscillators, as in the upper eyelet of the biharmonic model, c¢f. Fig. 2.1. The regime
characterized by a vanishing p is not asynchronous but a symmetric 9-cluster state (see a
snapshot in Figure 2.10(c4)). In fact, the splay state turns out to be unstable in the full
range of y values that we have explored. Finally, in the interval [—0.6, —0.2] one can see
a slow convergence towards a two-cluster state (the large value of the order parameter p is

due to the closeness between the two clusters, see Fig. 2.10(c2)).

The dynamics of the coupled system Eq. (2.21) can be better understood by performing
a phase reduction. This can be done by introducing a phase variable ¢ for each individ-
ual oscillator, making reference to the uncoupled limit (i.e., ¢ = 0) as illustrated in the
introduction. Then, original Rayleigh oscillators (2.21) can be mapped onto a Winfree
model 1.5

D= w0+ 3 2(00) Y_p(y)
J

where Z(¢) is the phase response curve (PRC), and p(¢) is the forcing function. The PRC
Z(¢) can be obtained by following the standard approach: it corresponds to the phase shift
imposed by an infinitesimal kick when the phase of the oscillator is ¢. From the definition
of the model (see Eq. (2.21)) it is clear that the direction of the external forces is on the
y direction so that, following the notation of the introduction, dx = (0, 1). The resulting
PRC is reported in Fig. 2.10(b) (see red curve). The forcing function p is instead obtained

by expressing the coupling term due to the jth oscillator Re [e”(z; + ;)] as a function
of ¢j’
T T .
p(¢) == <¢%) cos(1) — ¥ <¢§) sin(7) -

Its shape is depicted in Figure 2.10 (see black curve).
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Finally, as explained in the previous chapter, the coupling function of Kuramoto-Daido

model can be obtained by computing the convolution of Z and p,

G(g) = /0 "Wz — o) -

The resulting coupling function corresponds to the blue curve in Fig. 2.10(b). Fourier
analysis shows that even modes are absent: this follows from the symmetry of the limit

cycle: adding 7 to the phase results in changing the sign of both the PRC and forcing term.

In order to test the validity of the Kuramoto-Daido reduction, it has been simulated for
eight harmonics. The time-averaged value of the Kuramoto order parameter is reported
in black crosses in Figure 2.10(a). The resulting scenario is in close agreement with that
exhibited by the original ensemble of Rayleigh oscillators (c¢f. with red circles). A se-
ries snapshots corresponding to different values of  further validate the phase reduction
method (see Figure 2.10(row c)). Within the Kuramoto-Daido representation, one can eas-
ily perform a stability analysis of both the splay and synchronous state. A direct extension
of the stability of the splay state for the biharmonic model to a general coupling function
with M harmonics shows that, also in this case, the stability of the splay state is deter-
mined by the imaginary components of the Fourier modes of (. In table 2.1 we show the
contribution of the first eight nonvanishing components for v = 0.2, where a zero order
parameter is observed. In fact, the splay state turns out to be unstable because of the con-

tribution of the 7th and higher harmonics.

As for the fully synchronous state, its stability is determined by the sign of G’(0). The
bifurcation point where it changes stability is v ~ —0.573 in agreement with the numer-
ical simulations of the original model (2.21). For larger values of  and below -0.2, the
Kuramoto-Daido model possesses two-cluster states. Following the analysis outlined in
Sec. 2.3.3, we conclude that two-cluster states are effectively stable. In fact, for v = —0.4,
the inter-cluster exponent A\; = —G’,(dy) = —0.0669 is negative, while A}, = 0.0869, and
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Figure 2.10: (a) Order parameter of the Rayleigh model, p (red circles), and that of the Kuramoto-Daido
reduction, (|P(1,t)|) (black crosses), for different values of . From right to left, the system displays 9
clusters state, SCPS, 2 cluster state, and full synchrony. (b) Phase response curve Z (red curve), forcing
function p (black curve), and the coupling function G (blue curve) of the phase reduction for v = 0.4. Rows
(a) and (b): snapshots of the Rayleigh system (a) and the Kuramoto-Daido reduction (b) for v = —0.6 (full
synchrony) (al,bl); v = —0.4 (2 cluster state) (a2,b2); v = 0.1 (SCPS) (a3,b3); and v = 0.1 (9 cluster
state) (a4,b4).

z = —0.1146. Accordingly the average exponent A\, = —0.01385 is negative, in spite of
one of the two intra-cluster exponents being positive. Altogether, the scenario is similar to

that observed in the biharmonic model.
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Index | Real part | Imaginary part
I | -1.6x107* | 2.1x107"

3 |-5.6x1072 1.5x1072

5 -1.6x1072 1.9x1072

7 3.0x1073 1.0x1072

9 4.0x1073 1.7x1073

11 1.5x1073 5.0x1074

13 | 3.8x107* | 4.3x10™*

15 7.9%107° 1.8x10*

Table 2.1: Eigenvalues associated to the stability of the splay state for v = 0.2. The index refers to the
Fourier mode which they are associated with.

2.7 Conclusions

In this chapter we have introduced and analyzed a Kuramoto-Daido model with a bihar-
monic coupling function. The addition of the second harmonic provides much richer dy-
namics than the usual Kuramoto-Sakaguchi model. In fact, it allows for two asymptotic
regimes with a non-zero flux, i.e., the frequency of the microscopic units differs from that
of the total ensemble. The difference between those two dynamical regimes lies on the
fact that HC is a non-stationary regime where the probability density evolves in time. On
the other hand, periodic SCPS can be interpreted as a fixed point of the macroscopic dis-
tribution of the phases in a suitable rotating-frame. Whereas HC had been already studied

in this very same model, this work is the first to analyze SCPS on the biharmonic model.

The simplicity of the model allows for a analytical approach to SCPS that unveils its
stability properties. It is thus clear, that SCPS is born from a supercritical Hopf-bifurcation
of the splay state, and it dies out through a subcritical transition. Nevertheless, the exis-
tence of SCPS covers the entire gap between the stability border of the splay state and
full synchrony, thus naturally linking such both states. Moreover, the stability analysis
of SCPS shows that a second harmonic suffices to break the conservation-laws of the

Watanabe-Strogatz theorem.
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Whereas SCPS can emerge in many different setups, this work proves that a second

harmonic in the harmonic function suffices for it to emerge. It is important to notice that

the Sakaguchi phase shift parameters ~; and 7, play a major role, since they provide the

non-symmetric shape of the coupling function that finally allows the emergence of SCPS.

Nevertheless, the question of whether a specific coupling function can lead to even more

complicated dynamics remains open.
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Chapter 3

Noise-induced stabilization of collective

dynamics

3.1 Introduction

Typically, noise decreases the coherence of a dynamical system, by blurring, for instance, a
perfect periodicity, or smoothing the fractal structure of low-dimensional chaos. Further-
more, noise can destabilize an attractor, when sufficiently large fluctuations allow over-
coming an effective energy barrier. Such effects naturally occur whenever the unavoidable
presence of stochastic forces is included into an otherwise deterministic evolution. Some-
times, however, noise may unexpectedly have the opposite effect of either increasing the
overall coherence or stabilizing a given dynamical regime. Well known examples are the
stabilization of the inverted pendulum [1], stochastic resonance [2, 3], and coherence res-

onance [4, 5].

In this chapter we discuss another such instance, where a finite but small amount of
white noise, acting independently on each oscillator of the biharmonic model, stabilizes
self-consistent partial synchrony (SCPS). This phenomenon differs from standard noise-
induced bifurcations (see, for instance [6, 7]), where the Lyapunov exponent measuring

the local stability of a given regime changes sign because of the fluctuations induced by
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Chapter 3. Noise-induced stabilization of collective dynamics

a (multiplicative) stochastic force. Here, the noise acts on the microscopic level, while
the regime we are interested in is a collective state. Macroscopically, SCPS corresponds
to a rotation of the probability density of oscillator phases. Its dynamics, controlled by a
nonlinear continuity (Liouville-type) equation, take place within an infinite-dimensional
functional space. As showed in the previous chapter, one pair of eigenvalues of the lin-
earized equations may have a positive real part, implying that SCPS is unstable and cannot
be thereby maintained indefinitely. On the macroscopic level, the effect of noise is de-
scribed by a diffusion operator, which adds up to the continuity equation, transforming
it into a nonlinear Fokker-Planck equation. The impact on the overall dynamics may be
relatively trivial, as the regularization of the heteroclinic cycle (HC) towards the switching
dynamics studied in [8], but also much less so, when it stabilizes SCPS, as we show in this

chapter.

The addition of noise to the biharmonic setup has also been studied in Ref. [9] for pa-
rameter values where, however, no “shear” phenomena such as SCPS can arise. Here, we
explore instead a region where neither the fully synchronous, nor the splay state are stable
in the deterministic limit. Numerical simulations of the microscopic equations performed
for different noise levels show that a noise amplitude of 1.2 x 10~* (see the next section
for a proper definition) stabilizes SCPS. For smaller noise, a second regime is present: it
is characterized by a pulsating bimodal distribution of phases, which can be traced back
to the existence of an attracting heteroclinic cycle of cluster states. The transition between
the two regimes is controlled by a bifurcation that can be either super or subcritical, this
meaning that there exists a bistability region where, depending on the initial conditions,
either of the two regimes can be attained. The details of the bifurcation diagram have been
unraveled with the help of a perturbative approach, the noise amplitude being the small-
ness parameter. As a result, we have been able to estimate the deviations induced by the
noise on the actual shape of the probability density of the phases, and then to solve the
corresponding linearized equations in order to determine the stability properties of SCPS.
These detailed studies of the biharmonic model are accompanied by a similar (but purely

numerical) investigation of an ensemble of weakly coupled Rayleigh oscillators, where an
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3.2. The biharmonic model with noise

analogous stabilization of SCPS emerges when a small noise is added to the microscopic

evolution equations.

3.2 The biharmonic model with noise

Let us recover the biharmonic model, but now with a stochastic additive force,

. 1 X
0; = NZ =) +&(H)  G=1... N 3.1

m=1

where ¢; € [0,2m) is the phase of the j-th oscillator, and ;(t) is a zero-average white
noise such that (§;(¢)&,(t')) = 2D6;,0(t — t'). Throughout this chapter we denote the
generalized Kuramoto-Daido order parameters with a subindex referring to the level of

noise in the system,

N 2

Pp(k,t) := Ze’k¢ﬂ—> dpP(p,t)e*? .

N—+oo
J 1 0

Recalling that the shape of the coupling function is

G(¢) = sin(¢ + 71) + asin(2¢ + 72)

where 71,72 € [0, 27), and a = 0.2, the compact form of Eq. (3.1) is now written as

b = —% [ﬁp(l,t)e_i(‘bj_“) + aPp(2,t)e %72 _ce| +&(t) . (3.2)

We also add the subindex D on the averaged frequency of the single oscillators,

= (¢5),
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Figure 3.1: (a-c): Different order parameters versus 7y; with fixed o = 7, obtained from direct simulations
with no noise (red circles), and D = 1.2 - 10~ (black crosses). (a) Time averaged Kuramoto order param-
eter; (b) Difference between macroscopic and microscopic frequencies; (c) Microscopic frequencies of the
system, obtained by averaging over the single frequencies of all the oscillators. Simulations correspond to
the integration of Eq. (3.1) for N = 1000 oscillators. Each order parameter has been computed for 10° time
units after discarding a transient of 10% time units. (d): Phase diagram in the plane (y;, D). In region A
only SCPS is stable, B indicates where only SD is stable, and C is a region of bistability. Black continuous
and black dashed lines separating regions A, B, and C correspond to super and subcritical Hopf bifurcations
respectively, whereas the red continuous line separating regions B and C indicates a saddle-node of periodic
orbits bifurcation. These bifurcation lines have been obtained from direct simulations (see main text). Blue
triangles are the results from the macroscopic description developed in Section 3.4. The two green circles
indicate the points corresponding to simulations in Figure 3.2(a,b) and the three purple squares correspond to
the simulations of Figure 3.2(c). Vertical black dashed lines indicate the range corresponding to Figure 3.3.
The four red diamonds show the parameter values of the potentials in Figure 3.4.

and that of the ensemble,

Qp = (D) where ¢ = arg []5,3(1)}

3.3 Microscopic approach

In the previous chapter we have studied in detail a set of bifurcations that appear upon
reducing ~; and with fixed v = 7. With the absence of noise, the system goes from

splay state to full synchrony passing through a region where SCPS is stable. Nevertheless,
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3.3. Microscopic approach

as proved numerically and semi-analytically, SCPS loses stability via a subcritical Hopf
bifurcation and there is a large region where the system converges to the heteroclinic cy-
cle (HC). In Figure 3.1(a-c) we report again different order parameters corresponding to
such set of bifurcations using microscopic simulations with N = 1000 oscillators. The
red circles indicate the already commented results of the deterministic case, whereas black
crosses correspond to the stochastic biharmonic model with D = 1.2 x 10~*. The pres-
ence of noise turns SCPS stable from the splay state to the fully synchronous regime, and
there is no signature of HC. Also, the transition from SCPS to full synchrony, expected
around 7, ~ 1.159, is smoothed out. We anticipate that this is because it is no longer a true
bifurcation: as discussed in the next section, under the presence of stochastic forces, it is
not possible to reach a fully synchronous regime since the microscopic and macroscopic
frequencies always differ from one another. Additionally, in Fig. 3.1(b) one can see a cu-
rious finite-size effect: in the asynchronous (splay-state) regime, I5D(1) is not strictly zero
for finite N. One can thereby determine its phase and compute the corresponding growth
rate, which, in the presence of noise, coincides with the frequency €2p of the relaxation

oscillations, whereas no such oscillations are generated when D = 0.

The difference between the bifurcation scenario of the deterministic case and the re-
sults with D = 1.2 x 10~* indicate that, for intermediate values of D, a bifurcation where
SCPS gets stabilized must occur. Therefore, we study a phase diagram of the stochastic
biharmonic model in a parameter space that includes the noise strength. For simplicity,
throughout this chapter we stick to the case where v, = 7. The results of detailed simula-
tions performed for different values of ; and D (and different system sizes) are reported
in Fig. 3.1(d). Five different regions divide the resulting bifurcation diagram. The syn-
chronous regime and the splay state, which are bounding the diagram, will be analyzed in
Section 3.4. In between, region A corresponds to stable SCPS, which becomes the only
stable regime between synchrony and splay state if D is large enough. Region B indicates
stable switching dynamics (SD), a stochastic version of HC whose behavior is explained in
the next section. Finally, the two latter regimes coexist and are stable within region C. The

rest of this chapter is dedicated to analyze in detail the different regimes and bifurcations
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illustrated in this diagram.

3.3.1 Switching dynamics and SCPS

The presence of noise does not only modify the stability of the different regimes, it also
changes their properties with respect to the deterministic case. Figure 3.2(a,b) shows a
snapshot of the probability density Pp(f) for two different points in parameter space,
both falling in the region where SCPS is unstable for D = 0 (see the green circles in
Fig. 3.1(d)). Panel (a) corresponds to the point inside region A: here, the probability den-
sity shifts rigidly with a constant velocity, as expected for SCPS. At variance with the
deterministic case, the microscopic quasiperiodicity is lost, due to the presence of noise,
but it still holds true that the microscopic average frequency differs from the macroscopic
one. Panel (b) corresponds to the green point inside region B: here, the distribution is
bimodal and the two peaks breath — a reminiscence of the different stability of the two
clusters. The properties of this SD regime in this very same model had been studied in
detail by Hanso, Mato, and Meunier [8].

A more accurate characterization of SCPS and SD is obtained by looking at the time
evolution of the order parameter |Pp(1.t)|. Figure 3.2(c) illustrates its trace for three
points, all corresponding to the same +,-value and different noise amplitudes (see the pur-
ple squares in Fig. 3.1(d)). The black curve corresponds to zero noise (again, a very small
quenched randomness has been added to avoid the spurious collapse onto a two-cluster
state). Strong, fluctuations are observed, associated to the alternation of contraction and
expansion of the cluster widths. Upon increasing the noise amplitude, periodic oscillations
are still observed, the amplitude of which decreases while their period shrinks (see the red
curve in Fig. 3.2(c)). A logarithmic reduction of the period was already noticed in [8]:
it is due to the fact that the noise prevents a cluster to become too thin. The additional
fluctuations are finite-size effects which decrease upon increasing the system size. For a
still small but larger noise (D = 1.2 x 10™*), the oscillations practically disappear: the

fluctuations exhibited by the blue continuous curve are just manifestations of finite-size
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Figure 3.2: (a,b) Histograms for the density of oscillators at different times. System parameters are v, =
1.25and D = 2-107° in panel (a), and y; = 1.35 and D = 5 - 10~° in panel (b). The results have been
obtained from direct simulations using 10* oscillators after discarding a transient of 10° time units. (c) Time
series of the evolution of the Kuramoto order parameter for different values of noise and fixed v; = 1.34
and vy = 7. Black line is the evolution of the deterministic system, red line corresponds to D = 6 - 107°
and blue continuous line to D = 1.2 - 10~*. Results correspond to simulations with N = 10* oscillators
after discarding a transient of length 9 x 10%.

effects. In fact, for this noise amplitude any reminiscence of SD is lost, as confirmed by

the series of crosses plotted in Fig. 3.1(a-c).

3.3.2 Noise-induced bifurcations

Altogether, the direct simulations suggest that the transition from SCPS to SD corresponds
to a Hopf bifurcation, beyond which a constant order parameter starts exhibiting periodic
oscillations, which are reminiscent of the presence of the unstable two-cluster state. One
can interpret SD as a sort of more structured SCPS, since also in this case there is a dif-
ference between the microscopic and macroscopic frequency. In order to validate this in-
terpretation, we have determined the time averaged Kuramoto order parameter (| Pp(1)])
(we dropped the time dependence for simplicity) and the mean-field frequency {2p for
v1 = 1.34 and an adiabatic increase of D from region B to A along the left dashed line
in Fig. 3.1(d). Figure 3.3(a) shows that (| Pp(1)|) progressively decreases upon increasing
the noise: this is because noise tends to glue together the two clusters. A signature of a
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Figure 3.3: Different order parameters extracted from direct simulations of the biharmonic model versus
the level of noise for y; = 1.34 in panels (a),(b), and (c); and v; = 1.42 in panels (d),(e), and (f). Panels
(a,d) show the time-averaged Kuramoto order parameter (PD(1)>; panels (b,e) show its standard deviation
o; panels (c,f) show the difference between the macroscopic frequency {2p and the averaged microscopic
frequencies vp. Blue triangles, black squares, and red circles in panels (a-b) correspond to N = 1000, 4000
and 16000 oscillators respectively. Panels (d-f) correspond to simulations with N = 10* oscillators.

true transition can be seen in panel (b) where the (temporal) standard deviation of | Pp(1)],

o= { (P01 = (1Po01)) "),

is plotted for different system sizes. Upon increasing /V, o clearly approaches zero above

a critical noise strength. Finally, panel (c) shows that {2, — vp is different from zero both,
above and below the bifurcation, confirming that the qualitative difference between SD

and SCPS is just the periodic modulation of the Kuramoto order parameter.

This transition scenario from SD to SCPS remains essentially unchanged so long as
v S 1.4. For larger 7, -values, in region C, both SCPS and SD are stable for arbitrarily
small noise, so that one expects the Hopf bifurcation separating B from C to be subcritical.
This observation is confirmed by the discontinuous jumps observed in Fig. 3.3(d-f), where
the average order parameter, the standard deviation o, and the frequency difference are
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plotted while adiabatically increasing D starting from the SD regime (along the right ver-
tical dashed line in Fig. 3.1(d)). In practice SD suddenly disappears through a saddle-node

bifurcation, where it collides with a similar unstable regime.

Upon increasing D, these two bifurcation lines bounding region C merge together
in a tricritical point, a Bautin bifurcation. The identification of this point requires some
extra effort since, close to it, the amplitude of the discontinuity progressively vanishes.
By comparing simulations performed by adiabatically increasing and decreasing vy, we
estimate the tricritical point to be located at y; ~ 1.3885, D ~ 7 x 107°.

3.4 Macroscopic description

The addition of noise on system (3.2) modifies also its treatment in the limit of infinite
oscillators, N — oco. In this case the probability density of the phases, Pp(¢,t), is no-
longer described by the Liouville operator, but by a Fokker-Plank equation. As in the
previous chapter, we analyze the equation for P in a frame rotating with frequency €1p,
ie,0=¢—Qpt,

0 0 . . 92
where D is the diffusion term, and
B B 2T
B[O, Po(1,8), Po2,t)] = [ dwGlo— 6)Po(.1) (3.4)
0

=— % (f’D(l, t)e 0= 4 g Pp(2,t)e 30 2) C.C.)

is the velocity field.
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3.4.1 Splay state

The analysis of the splay state in the stochastic version of the model is analogous to that
of the deterministic model. The splay state is characterized by Pp(6,t) = 1/(27). Let us
consider an infinitesimal perturbation u(6,t) of Pp. The corresponding linearized equa-
tion is

10 0?

5, 3 _
au(e,t) = —%%B[qb,u(l,t),u@,t)} + Dwu(e,t) (3.5)

where we have used that B0, Pp(1), PD(Q)} =0, and

2T
&(k:,t):/ u(f,t)e*do,
0

are the Fourier modes of u. Using the definition of B given in Eq. (3.4) one has

9 Blo.a(1.0).a(2.1)] =

5 (@(1,6)e™" O 4 2aa(2,t)e @12 4 cc.)

N | —

Inserting this expression in Eq. (3.5) and expanding « in Fourier space one obtains

o 10 & i

=—00

1. —i(6— ~ —i(20— D &< 2~ —i0k
=1 (u(l,t)e 6-m) 4 2au(2,t)e (20—72) _|_c.C.) ~ 9 _z_: k*u(k,t)e™"%.

As in the deterministic case, the Fourier modes diagonalize, so one can write explicit

equations for each u(k, t),

8u((92t, b _ (ae —4D) a(2,1),
QulkD) _ _pragkt) if k] > 2
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complemented by the complex conjugate equations for the negative k-modes. Since the
eigenvalues corresponding to the eigenfunctions with |k| > 2 are negative real numbers,
the stability is determined only by the eigenvalues corresponding to the two first Fourier

modes,

1 . )
)\1 = 56171 —D and )\2 = ae? — 4D

In the particular case 7, = 7, the second eigenvalue has Re(A\s) < 0 so that the stability
of the splay state is controlled only by the first mode,

1
Re(\) = 5 CO8 M = D <.

The critical curve where Re(\;) = 0 corresponds to the right almost vertical line reported
in Fig. 3.1(d). Notice that if D > 0.5 the splay state turns stable for all values of ; and

72, since the stochasticity is much stronger than the internal dynamics of the oscillators.

3.4.2 Nonexistence of other incoherent solutions

In the previous chapter we showed that any solution satisfying P (1,t) = P(Q, t) =0is
a stationary distribution of the deterministic biharmonic model. Nevertheless, as soon as
D > 0 this is not true anymore: the condition that the first and second Fourier modes are
zero ensures that the first term on the r.h.s. of Eq. (3.3) vanishes, but the diffusive term
remains. Therefore, if P(6,0) is an initial condition with Pp(1,0) = P(2,0) = 0, then its

time evolution is determined by.

2

0 0
apD(eﬂf) = prp(eﬂf) :

This linear partial differential equation can be solved easily in Fourier space, so that
P(k,t) = P(k,00e ™ for |k|>2.
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i.e., all the Fourier modes with |k| > 2 relax exponentially to zero due to the diffusion. In
other words, noise kills all the higher harmonics of any initial incoherent distribution, so

that they always end up in the splay state.

3.4.3 The synchronous state and self-consistent partial synchrony
Synchrony and noise

In the deterministic case, the fully synchronous state is characterized by a d-like distribu-
tion and there is a well defined stability boundary for this solution. In order to understand
what happens once noise is added, it is convenient to look at Eq. (3.3) as if the velocity field
was given a priori. It corresponds to a standard Fokker-Planck equation in a washboard

potential defined as

9 _ 5
82—2) =Qp — B[4, Pp(1,t), Pp(2,1)] ,
so that .
V() = Qpb — (515,;,(1)6—1‘(9—%4 %PD(Q)e—“?@—W — c.c.) : (3.6)

apart from an arbitrary additional constant. Because of the tilting, as soon as D > 0, any
stationary solution is characterized by a non-zero flux Hp, even if the potential has well
defined minima. In other words, the fully synchronous state becomes formally equivalent
to SCPS and no transition can be any longer found. Nevertheless, one can still identify a
sort of critical line separating the regime where the potential has local minima and the flux
is thereby driven by the noise, from the one where no minima exist and the flux is the result
of a deterministic current. Figure 3.4 shows how the potential V() changes shape upon
varying ; for a fixed noise strength (the unknown parameters (2p, IBD(l, t) and PD(2, t)
have been determined with the help of direct simulations). Using this technique we have

reconstructed the “transition” line reported in Fig. 3.1(d) (see the left quasi-vertical line).
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Figure 3.4: Washboard potentials corresponding to Eq. (3.6) computed for a noise level of D = 6 - 1075,
From top left to bottom left purple, green, blue and amber correspond to v; =1.15, 1.16, 1.171 and 1.18
respectively. Inset shows the same results in a enlarged parameter range. The parameters used in each case
have been computed numerically from direct simulations with N = 10* oscillators.

A perturbative approach towards SCPS

As we did in the previous chapter, assuming that Pp is stationary in a suitable frame
rotating with frequency €1p, the temporal derivative of the Lh.s. in the Fokker-Plank equa-

tion (3.3) vanishes. Integrating the resulting expression one gets
~Hp = (QD — B[O, Pp(1,t), Pp(2, zs)}) Po(0,t) + D%PD(Q, ), 37

where Hp is the probability flux,

vp —Qp

Hn =
b 2

If D > 0 the previous equation is an ODE. In principle, it is possible to solve such equa-
tion analitically by introducing a Jacobi-Anger expansion. Nevertheless, such expression
would involve series with terms depending on Bessel functions, making both the analytic

and numerical treatment highly complex and, thus, inappropriate to effectively study Pp
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and its stability properties. It is more convenient to develop a perturbative formalism to

investigate the problem in a semi-analytic way in the limit of small noise, i.e., D < 1.

In the previous chapter we have determined the shape and stability of Pp(6) in the

deterministic case, D = (. We recall that the resulting shape of F is given by

_HO

Bo(6) = Qo — B0, Po(1), Po(2)]

(3.8)

This solution is valid if the denominator has no zeros, i.e., if there are no minima in the
corresponding potential. In the previous chapter we showed that this expression can be
solved self-consistently by determining the parameters Qq, Py(1), and Py(2) numerically.
On the other hand, the probability flux H, is automatically determined by imposing nor-

malization condition of F.

At first order, the probability density can be written as Pp(¢) = FPy(¢) + Dp(o).
Moreover, since one expects variations of the macroscopic frequency as well as of the
flux, we assume 2p = 0y + Dw and Hp = Hy + Dn. Upon replacing these assumptions

into Eq. (3.7) and retaining first order corrections in D, it is found that

— HO
- PRy(9)

" p(6) = B(9) — {w — B[0.5(1),5(2)] } Fo(6)
where p(k) stands for the k-th Fourier mode of p, while the prime denotes a derivative

with respect to #. This equation can be easily solved for p(6), obtaining

(o) =T (77 + PY(6) + {w = B[0, (1), 5(2)] }Pow)) 69

Hy
In order to complete the identification of the solution, it is necessary to determine p(1), p(2)
and the two scalars w, 1. Since P(l) in equation (3.8) is real, so has to be p(1), while 7
can be obtained by imposing the “normalization” condition [ p(¢)di) = 0. Therefore one

is facing a problem of the same complexity as Eq. (3.8), and it can be solved using similar
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Figure 3.5: (a) Shape of Py(6) (red line) and p(6) (blue dashed line) for 44 = 1.33. The noise-induced
perturbation p has been arbitrarily rescaled. These functions correspond to the solutions of Eq. (3.8) and
Eq. (3.9) respectively. (b) Red circles show real and imaginary part of the eigenvalues controlling stability

of P for v; = 1.33 and D = 0. Blue arrows show the directions where the eigenvalues are pushed when
D = 1.7-107°. The inset is a zoom for Re(Ap) > 0.

procedures. An example of F and of the corresponding variation p obtained by solving
Egs. (3.8,3.9), is shown in Fig. 3.5(a). From the shape of p, one can see that the effect of

noise is to deplete the left shoulder of the density and to raise a bit its tails.

Stability analysis of SCPS

An accurate estimate of Pp allows for a reliable stability analysis. In fact, only the sta-
tionary solution is marginally stable against a rigid translation, which should be reflected

in our results.

Upon linearizing Eq. (3.3) around Pp(6), one finds that an infinitesimal perturbation

u(6,t) satisfies the equation

— Pp(0)B[6, a(1,t), 4(2, t)}) + D%u(e, t) .
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As in the deterministic case, the spectrum of this linear operator is purely point-like and
can be determined by approximating the infinite-dimensional operator with finite matrices
of increasing size. The most effective method consists in expanding (6, t) into Fourier

modes
o

1 )
u(,t) = o~ > alk,t)e ™.

k=—o00

By making use of Eq. (3.4), one can rewrite the evolution equation as
i = [S(Pp,N) — DC]@ (3.10)

where @t = {a(k,t)}?°___, Pp = {Pp(k)};>___, while S and C are two matrices defined

as follows

Spn(Pp, Qp) = m{—iﬂpam,n

1. - -
+ 56171 [PD(]-)ém—l,n + PD(m — 1)51771]
1

= 3¢ M Po(=)dnsrn + Pp(m+ 1)1,
1 . =~ -
+ §CL6W2 [Pp(2)0m—2n + Pp(m — 2)dy,,]
1 e -
— 5@6_172 [PD<_2)5m+27n + PD (m + 2)5_2771]},

2
Cmn =m 5m,n 5

By recalling that Pp(m) = Py(m) + Dj(m), we can insert this perturbative expression

into Eq. (3.10), obtaining
= 8(Po, Q)i+ D(S(p,w) - C)i .

The stability of SCPS is determined by the eigenvalues {A%)} « of the linear operator de-
fined by this equation. Observe that (0, t) = 0, while @(0, t) is decoupled from all other
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Fourier modes. This is a consequence of norm conservation, which implies that one zero
eigenvalue is always present. Another obvious property of the linear operator is that ex-
changing positive with negative components is equivalent to taking the complex conjugate:

this is due to the probability density being a real quantity.

In the limit D — 0 the evolution operator reduces to S(Pg, Q). Its eigenvalues A[(Jk)
are responsible for the instability of SCPS in the zero-noise limit, as studied in the previous
chapter. The perturbative corrections to the evolution operator defined in Eq. (3.10) are
composed of two contributions: the first one is due to the change of shape of the probability
density induced by noise; the second one is the direct consequence of the diffusion term,
which strongly damps short-wavelength Fourier modes (see the negative diagonal terms
of C proportional to m?). The eigenvalues {A%)}k can be determined perturbatively by
following standard procedures. Upon expanding the eigenvalues up to first order in D,
A%) = A(()k) + DA®), one can indeed write [10]

W s(p,w) - ]V
W(()k)TV(()k)

Ak

where Wy and V|, are the left-, resp. right-hand eigenvectors associated to Aék). In prin-
ciple, the matrix indices range from —oo to +00. One can however obtain sufficiently
accurate estimates of the largest eigenvalue by restricting the analysis to a finite range
[—M, M], provided that M is large enough. We have verified that A/ = 100 suffices to

reconstruct the relevant part of the stability spectrum.

Using the numerical solutions of Egs. (3.8,3.9) for the shape of the stationary proba-
bility density of the Fokker-Planck equation up to first order in D we are able to determine
the eigenvalues of controlling the stability of SCPS in presence of noise. The results for
v1 = 1.33 are illustrated in Fig. 3.5(b), where the eigenvalues are plotted for D = 0 (red
dots) and D = 1.7 - 107 (the arrows denote the shift of each eigenvalue). The spectrum is

composed of pairs of complex conjugate eigenvalues; two of them are characterized by a

83



Chapter 3. Noise-induced stabilization of collective dynamics

strictly zero imaginary part: the first one corresponds to the zero exponent, which follows
from the invariance of the solution under a rigid phase shift and is present in the noisy
regime as well; the second one is the most negative eigenvalue (see the leftmost red dot) -

very weakly affected by noise.

The effect of noise is to basically shift all eigenvalues towards more negative values: in
fact, all of the arrows reported in Fig. 3.5(b) are practically horizontal and point to the left.
The stabilizing effect depends strongly on k (because of the diffusive term in Eq. (3.3));
it is approximately proportional to k2. In particular, it is very weak for the two pairs of
unstable eigenvalues (see also the inset). Nevertheless, even for a maximally unstable
v1 (the value chosen in Fig. 3.5(b)), a tiny amount of noise is sufficient to stabilize one
of the two pairs of unstable directions (a noise amplitude about 7 times larger would fully
stabilize SCPS). Upon tracking the eigenvalues with positive real part for increasing D one
can identify where the stabilization of SCPS takes place. The transition points are plotted
as blue triangles in Figure 3.1(d) and show a good agreement with the direct numerical

simulations.

3.5 Conclusions

In the previous section we have performed a detailed stability analysis of SCPS in the
presence of noise. This collective regime corresponds to a stationary state in a suitably
moving frame, where its evolution is described by a nonlinear Fokker-Planck equation.
The nonlinearities play a double role: on the one hand they contribute to a self-consistent
determination of the underlying potential; on the other hand they contribute to the stability
of the state itself. Indeed, in the deterministic case, SCPS loses stability through a subcrit-
ical Hopf bifurcation. In this chapter we have proven that a very small noise is sufficient

to stabilize such collective dynamics.

It is therefore natural to ask whether this scenario is peculiar of the biharmonic setup.

We check this point by using again, an ensemble of mean-field coupled Rayleigh oscilla-
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tors. In the previous chapter we showed that SCPS emerges in a pure deterministic setup,
although it loses stability passed a critical value. Here we show that noise is again able to

stabilize SCPS. The Rayleigh oscillator model reads as
i —C(1— %) + a5 = e Re[e” (X +4Y)] +n;(t)

where X = N™'Y 2z, andY = N~ 'Y 4, are the mean field contributions to the
coupling, and ¢ = 0.05 is the coupling strength. We assume again white noise 7, (¢) with
(nj(t)) = 0and (n;(t)nm(t)) = 2DJ;,6(t —t'). The parameter ¢ determines the stability
of the limit-cycle, ( = 5 for there is a strong attraction. Therefore 7 is the main control

parameter that is going to be tuned. We use again the order parameter
p = rms(X)/rms(z)

where
rms(z) = /(z(t)?)

is the root mean square of the time evolution. Notice that p = 1 when there is fully syn-

chrony and p = 0 when the oscillators are distributed uniformly.

In the deterministic case (see Chapter 2), in the range v € [—0.7,0.2] a wide number
of dynamical regimes are observed (see red circles in Figure 3.6). In particular, SCPS is
observed for —0.18 < v < 0.05. Above v ~ 0.05 the system converges to a homoge-
neous nine-cluster state. Similarly to the biharmonic model, SCPS loses stability towards
a two-cluster state for v ~ —(0.18. This cluster state finally converges to full synchrony at
v ~ —0.57. On the one hand, a small noise (D = 10~°) does not substantially affect the
regions where full synchrony and the nine-cluster states are stable. On the other hand, it is
once again able to stabilize SCPS in the entire interval up to full synchrony (see the black

crosses in Fig. 3.6).

The study of two models of phase oscillators has shown that a small amount of micro-

85



Chapter 3. Noise-induced stabilization of collective dynamics

0.8 0.6 0.4 0.2 0.0 0.2
8

Figure 3.6: Order parameter p for different values of ~; for no noise (red circles) and D = 109 (black
crosses). The results have been obtained by direct simulations of the Rayleigh oscillators with 1000 units.

scopic noise stabilizes self-consistent partial synchrony. It is natural to ask whether this
effect extends to other types of collective dynamics. In globally coupled identical maps,
collective chaos can be observed [11]. In such a setup, it was found that an additive noise
of the type considered in this chapter can reduce the dimensionality of the collective dy-
namics [11, 12]. Considering that a chaotic evolution can be seen as a sort of wandering
process among different unstable periodic orbits, it is tempting to interpret this reduction
of dimensionality as a progressive stabilization of the dynamics along various directions.

It will be instructive to further investigate this interpretation.

Bibliography

[1] Yuval B. Simons and Baruch Meerson. Emergence of stability in a stochastically
driven pendulum: Beyond the kapitsa pendulum. Phys. Rev. E, 80:042102, 2009.

[2] R Benzi, A Sutera, and A Vulpiani. The mechanism of stochastic resonance. Journal
of Physics A: Mathematical and General, 14(11):L.453, 1981.

[3] Mark D. McDonnell and Derek Abbott. What is stochastic resonance? definitions,
misconceptions, debates, and its relevance to biology. PLOS Computational Biology,
5(5):1-9, 20009.

86



Bibliography

[4] B. Lindner, J. Garcia, A. Neiman, and L. Schimansky-Geier. Effects of noise in
excitable systems. Physics Reports, 392(6):321 — 424, 2004.

[5S] Arkady S. Pikovsky and Jiirgen Kurths. Coherence resonance in a noise-driven ex-
citable system. Phys. Rev. Lett., 78:775-778, 1997.

[6] Sébastien Aumaitre, Kirone Mallick, and Francois Pétrélis. Noise-induced bifurca-
tions, multiscaling and on off intermittency. Journal of Statistical Mechanics: Theory
and Experiment, 7:07016, 2007.

[7] M. Lucke. Bifurcation behavior under modulated control parameters. In F. Moss
and P.V.E. McClintock, editors, Noise in Nonlinear Dynamical Systems: Theory of
noise induced processes in special applications, chapter 6, pages 100-144. Cam-
bridge University Press, 1989.

[8] D. Hansel, G. Mato, and C. Meunier. Clustering and slow switching in globally
coupled phase oscillators. Phys. Rev. E, 48(5):3470-3477, 1993.

[9] Vladimir Vlasov, Maxim Komarov, and Arkady Pikovsky. Synchronization transi-
tions in ensembles of noisy oscillators with bi-harmonic coupling. Journal of Physics
A: Mathematical and Theoretical, 48(10):105101-105116, 2015.

[10] J. H. Wilkinson. The Algebraic Eigenvalue Problem. Oxford University Press, Ox-
ford, first edition, 1965.

[11] Tatsuo Shibata, Tsuyoshi Chawanya, and Kunihiko Kaneko. Noiseless collective
motion out of noisy chaos. Phys. Rev. Lett., 82:4424-4427, 1999.

[12] Kazumasa A Takeuchi and Hugues Chaté. Collective lyapunov modes. Journal of
Physics A: Mathematical and Theoretical, 46(25):254007, 2013.

87






Chapter 4

From phase to amplitude oscillators

4.1 Introduction

Phase oscillatory systems, such as the biharmonic model, represent a simple paradigm to
study the emergence of nontrivial dynamical regimes over multiple scales. Nevertheless,
it is not clear how and to what extend the phase reduction approach is sufficiently general
for the emergence of more complex macroscopic behavior. As an important milestone, the
question whether collective chaos can emerge from globally coupled phase oscillators still
stands. To answer it one needs to understand the way macroscopically active degrees of
freedom spontaneously emerge in ensembles of identical units beyond the phase approxi-

mation.

It is known since many years that collective chaos may sponentaneously emerge in
different types of mean-field models. One can classify the distinct setups according to
the dynamical complexity of the single oscillators, since the overall behavior should be
ultimately traced back to the rules determining the evolution of the single elements. In-
trinsically chaotic elements such as logistic maps sit at the top of the hierarchy. In this
case, collective chaos arises as a result of subtle correlations among the single dynamical
units [1]. Collective chaos can emerge also in periodic oscillators such as the Stuart-

Landau model [2, 3, 4], since the macroscopic mean field can trigger and maintain a mi-
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croscopic chaos, thereby giving rise to a regime similar to the previous one.

By further descending the ladder of the single-unit complexity, no evidence of col-
lective chaos has been found in mean-field models of identical phase-oscillators, but no
rigorous argument excluding that this can happen is available. In fact, in all mean-field
systems of identical oscillators, the probability distribution satisfies a self-consistent func-
tional equation which, being nonlinear and infinite-dimensional can in principle give rise
to a chaotic dynamics. Nevertheless, collective chaos in phase oscillators has been found
only when either delayed interactions [5], multiple populations [6], or heterogeneity [7] is
included in the model. Otherwise, at most macroscopic periodic oscillations arise (the so-
called self-consistent partial synchrony SCPS) [8, 9, 10, 11], the simplest setup for their
observation being the biharmonic Kuramoto-Daido model studied in the previous chap-
ters. The so-called balanced regime observed in the context of neural networks is, instead,
an entirely different story, since the collective dynamics is basically the result of the am-

plification of microscopic fluctuations [12].

Altogether, new theoretical approaches are required to improve our general under-
standing of the collective behavior of ensembles of dynamical units. In phase oscillators
characterized by strictly sinusoidal coupling-functions (Kuramoto type) the Watanabe-
Strogatz theorem [13] and the Ott-Antonsen Ansatz [14] imply that no more than three
collective degrees of freedom can emerge. What can one say in more general contexts?
In this chapter, we discuss an intermediate regime, where amplitude oscillators (charac-
terized by at least two variables) retain a key property of phase oscillators, i.e., they can
be parametrized by a single phase-like variable. In practice, the amplitude dynamics is
sufficiently stable to force the oscillators towards a smooth closed curve C such as in stan-
dard phase oscillators, but not stable enough to prevent fluctuations of the curve itself,
which thereby acts as an additional source of complexity. We refer to this regime, which
has been so far basically overlooked, as to Quasi Phase Oscillators (QPO). We are only
aware of a preliminary study carried out by Kuramoto & Nakagawa, who performed mi-

croscopic simulations of an ensemble of Stuart-Landau oscillators [15]. Here we develop
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a general formalism, which allows describing QPO at a macroscopic level. As a result,
we are able to identify and describe a series of dynamical regimes ranging from periodic
SCPS to a new type of collective chaos, passing through other novel types of SCPS with

larger macroscopic complexity.

SCPS itself is already an intriguing regime. In fact, under the action of a self-consistent
mean field, the single oscillators exhibit behavior without phase locking (no Arnold tongues).
Said differently, the transversal Lyapunov exponent of each single oscillator (conditioned
to a given “external” forcing) is consistently equal to zero, when a control parameter is var-
ied. The hallmark of QPO is that the transverse Lyapunov exponent is not positive, even
when the “external” mean-field forcing is chaotic: actually, it is even slightly negative,
this implying that the phase-probability distribution is not smooth but multifractal. This is
at variance with the “standard” collective chaos observed in a different parameter region
of the Stuart-Landau model [2, 16, 3, 4], characterized by a positive transversal Lyapunov

exponent.

4.2 The model

Following Ref. [2], we consider an ensemble of N coupled Stuart-Landau oscillators
Zj :K(l—i-zcl)(i—z])—i—z] — (1+i02)’2j‘22j (41)

where z € C and
1Y
m=1
is the mean field. The formulation of Refs. [4, 3] is recovered by setting t — Kt, o = ca,
n=-c and p =K'
As in phase models, a homogeneous system of globally coupled oscillators such as (4.1)
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Figure 4.1: Schematic representation of the phase parametrization of C and its time evolution. Dashed blue
curve depicts the shape of C at time ¢, whereas the continuous blue line indicates the position of C at time
t' =t + At. The inset shows a zoom out version, with the red rectangle indicating the zone depicted in the
main figure.

can display two types of stationary solutions: a state of full synchrony and incoherent
states. In the state of full synchrony all the oscillators evolve periodically as z; = z = e'2".
Incoherent states correspond to a distribution of oscillators such that the mean field Z van-
ishes. There are infinitely many ways of realizing an incoherent state, the simplest being
a completely homogeneous distribution of the phases along a circle (of radius v/1 — K)

also known as splay state.

For small coupling strength X < 1, the model can be mapped onto a Kuramoto-
Sakaguchi model [11], which is known to give rise only to either fully synchronous or
splay states. For larger coupling strength, the model displays a rich variety of dynamics,
including clustered states, chimera states, and different forms of collective chaos [2, 3, 4,
15, 17]. In particular, Nakagawa and Kuramoto reported numerical evidence of a dynam-
ical regime where the oscillators seem to be distributed along a smooth time-dependent
closed curve [15]. In this chapter, we revisit such a behavior, developing a formalism,
which can, in principle, be applied to generic ensembles of mean-field driven amplitude

oscillators.
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A general macroscopic formulation of system (4.1) requires the knowledge of the prob-
ability density on the complex plane Q = Q)(z, t). Nevertheless, if the amplitude dynamics
is sufficiently stable, the oscillator variables naturally converge and are eventually confined
to a closed curve C. Whenever this is the case, C can be uniquely parametrized in polar
coordinates by expressing the radius R(¢, t) as a function of the phase ¢. Accordingly one

can assume that the probability density is contained in C so that

Q(z,1) = Q(z,1)0(|z] — R(9,1)) =: P(¢,1).

The meaningfulness of this approach is verified a posteriori by the consistency of the the-

oretical predictions and by the agreement with direct numerical simulations.

Our first goal is to derive the evolution equations for R and P. In order to do so, it is

convenient to express Eq. (4.1) in polar coordinates, z = rel?,

7y = Flrj, ¢4, %]
¢£j - g[rja¢ja§] s

where
.F[T, ¢72] = (1 - K- Tz)r + KRQ[(l + iCl)Ee_i(b]
Glr, 6,7 = —e1K — car® + = Tm[(1 + icy)ze ]
r

Let us now consider a time interval At < 1 and ¢’ = ¢ + At¢. At time ¢ the oscilla-
tor with index j has polar coordinates [r;(t), ¢;(t)] = [R(¢,t),¢] while at time ¢’ has
[7;(t"), 9;(t")] = [R(¢', '), ¢'], as indicated in Figure 4.1. If R is smooth one has that
R(¢, 1) = R(¢,t) + At F[R(¢, 1), ¢, 7]
¢ = 6+ At G[R(,1),,3)
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Then one can write

R(¢7 t/) — R(¢7 t) _ R(¢/7 t/> B R(¢7 t) ¢/ — ¢
At At At

so that
OR

ot
On the other hand, the evolution of P is determined by the angular flux at r = R(¢, t),

(¢7 t) = f[R7 ¢72} - g[R7 9257 E]R(ﬁ : 4.2)

0

oP
E((b’t) = o0

{Pe.06[R,6.7)}. (43)

while the mean field is finally defined as

27
Z(t) = /0 P(¢,)R(¢,t)e™dg . (4.4)

From the expression for G[R, ¢, Z|, one can recognize the Kuramoto-Sakaguchi struc-
ture [18] of the velocity field, with however, the important difference of the additional
factor R(¢,t) in the definition of the order parameter. We will see that the time depen-
dence of R(¢,t) (it obeys a distinct differential equation) enriches the complexity of the

collective dynamics.

Overall, equations (4.2,4.3,4.4) represent a system of two nonlinear Partial Differential
Equations (PDEs) describing the macroscopic behavior of the oscillators whenever they
are spread along a closed phase-parameterized smooth curve. Such a system can be solved
numerically by means of a split-step Fourier or pseudospectral method [19]. The algorithm

consists in expanding R and P spatially in Fourier space,

[e.9]

1

P(ot) = o > P(kt)e™* and
k=—o00

R0 =5 > Rk
k=—00
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where

2T
P(k,t) = / do P(¢,t)e™  and
~ 0271— .
R(k,t) = / do R(¢p,t)e™.

0

By truncating the Fourier series for a large enough wavelength M, one can then integrate in
time the different Fourier modes P (k,t) and R(k, t) using a standard method for ordinary
differential equations. Since the computation of a nonlinear term of order ¢ in Fourier
space requires O(M?) operations, it is more convenient to compute the velocity fields
in real space instead. In fact, by invoking fast Fourier transform (FFT) algorithms, the
computational cost of the nonlinear fluxes reduces to O(n log(n)), where n is the number
of points of the real support. We use a fourth-order Runge-Kutta integration method with
time step 0t set to 1073 in most of the simulations. In order to avoid aliasing errors in
the successive calls of the FFT we use the 3/2-truncation rule using a real spatial grid of
n = 2048 points and a truncation of M = 680 in the Fourier expansion. Nevertheless, in
the presence of chaotic dynamics (see below) the numerics become more challenging and
it is necessary to increase both spatial and temporal resolutions. Therefore, for X' > 0.416
we use M = 1024 and 6t = 0.5 - 1073, and keep n = 2048. In this case it is necessary to
introduce a smoothing technique to prevent the growth of the aliasing errors. Thus we add

a small diffusive term in equation (4.3),

2

@P(gb’ t) .

0

oP
E(Qﬁ?t) = _8_§25

{Po.0gIR. 6.2} +D

A diffusion level of D = 1078 is enough to stabilize the algorithm while preserving the

dynamical properties of the system.

In order to double check our numerics we have fixed two parameters as in Ref. [15]
(c; = —2 and ¢, = 3) and treated the coupling strength K as the leading control parameter.
The results of the numerical simulations are reported in Figures 4.2 and 4.3. Figure 4.2(a)
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(a) 0.4 Ky K> Ks: Ky K (b) 04 . . . .
Splay T1 T2 Chaos Incoherentj K=0.4165 K=0.416 K=0.415
state = state . l
0.3 | 4 0.35 F ]
f e, H ‘H ' ‘ "' m
- 0“ T3 ! " W” ‘ m NN i l” l “ | “’”““
T~ 02¢L - * 03 \ll\ |I ‘U Il ‘“ il
= : ‘\l | \
: LWL
0.1+ * B 0.25 i
t
0 ‘ ‘ 0o LK=0413 ‘ ‘ ‘
0.41 0.412 0.414 0.416 0.418 0.42 9000 9100 9200 9300 9400
K Time ¢t

Figure 4.2: (a) Time-averaged mean-field (|Z|) for different values of the coupling strength K and fixed
c1 = —2 and c; = 3. Black plusses show the results from microscopic simulations of the system as
given by (4.1) with N = 4096 oscillators computed over 10° time units after discarding another 10 of
transient. Red circles correspond to the numerical integration of Egs. (4.2) and (4.3) with a pseudospectral
method for 10° time units, from which 5 - 10* are transient. Both microscopic and macroscopic simulations
use initial conditions close to splay state. Blue crosses correspond to the semi-analytical fixed point given
by Eqgs. (4.9) and (4.10). Black vertical dashed lines indicate the bifurcation points between the different
dynamical regimes. (b) Time series of |Z| from the numerical integration of the macroscopic equations of
the system for K' = 0.413 (red), 0.415 (blue), 0.416 (green), and 0.4165 (amber).

shows the time-average of the mean-field |Z| computed both using the microscopic for-
mulation of the system (4.1) with N = 4096 (black plusses) and using the macroscopic
equations solved with the pseudospectral method (red circles). The nice agreement con-

firms the correctness of the macroscopic equations.

The behavior of the order parameter unveils a series of bifurcations across various dy-
namical regimes, marked with vertical dashed black lines. Figure 4.2(b) shows the time
evolution of the order parameter modulus |Z| for different values of K, each belonging to
a different dynamical regime. The top panels of Figure 4.3 depict snapshots of R (black
dashed lines) and the corresponding probability densities P (red lines). While the shape
of the curve C remains very smooth when the coupling is increased, the probability pro-
files become increasingly rugged, revealing an increasing contribution of higher Fourier
modes. This is better appreciated by looking at the bottom panels of Fig. 4.3, where the
corresponding Power Spectral Density (PSD) is reported in a logarithmic scale (same color

code for the different curves).
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0.8 F

Figure 4.3: Snapshots of the shape of R (dashed black curve) and P (red continuous curve) in real space
(top figures), and the corresponding Power Spectral Density in logarithmic scale (bottom figures). (a) and
(e) correspond to K = 0.413, (b) and (f) to K = 0.415, (c) and (g) to K = 0.416, and (d) and (h) to
K = 0.4165. Results obtained upon integrating the macroscopic equations using a pseudospectral method.

For K < K; =~ 0.4123, the oscillators are uniformly distributed on a perfect circle
and the mean-field Z vanishes, i.e., the system is in a splay state. For K = K, there is a
first transition to a regime where the mean-field dynamics is a pure periodic rotation on a
one-dimensional torus (T1), accompanied by a quasiperiodic dynamics of the single oscil-
lators. This regime is therefore an new example of periodic SCPS as studied in Chapter 2.
Thus, in this case, the mean-field modulus is constant (see red line in Fig. 4.2(b)). In fact,
both P and R are spatially nonuniform steady functions if observed in a suitably rotating
frame (see Fig. 4.3(a), where one can also notice that the shape is dominated by a few
long wavelength modes - panel (e)). At K = K ~ 0.4138 a macroscopic Hopf bifur-
cation occurs, which introduces a second frequency. As a result, the collective dynamics
is quasiperiodic (T2, but periodic, if observed in a suitably rotating frame) (see the blue
line in Fig. 4.2(b)). Now the shape of P and R fluctuate in time and more Fourier modes

contribute (see Figures 4.3(b) and (f)). Thus, this is a more complex case of SCPS.

At K = K3 ~ 0.41588, yet another frequency adds to the macroscopic dynamics,
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although indistinguishable from the average value of the order parameter. Thus, as better
argued in the following, the dynamics of the order parameter becomes three-dimensional
(T3) (see the green line in Fig. 4.2(b)). The shape of P becomes more uneven, with sev-
eral bumps that evolve on time, and the spatial spectra involve higher Fourier modes (see
Fig. 4.3(c) and (g)).

The T3 regime is stable for a small range of the parameter value; beyond K = K, ~
0.41605 the system becomes chaotic. Although R keeps being quite smooth, the shape
of P occasionally develops several peaks that become sharper upon increasing the cou-
pling strength (see Fig. 4.3(d) and (h)). Such peaks generate spurious ringing artifacts that
eventually lead to numerical instabilities. Nevertheless, as explained before, increasing the
numerical resolution and introducing a negligible diffusion, one can accurately integrate

the macroscopic equations for long times.

For yet larger K values, the order parameter vanishes after a long chaotic transient.
However, the asymptotic regime is not a splay state: only the first Fourier mode vanishes,
while the others have non zero amplitude. In other words, we are in front of non-trivial
incoherent states. The disagreement between microscopic and macroscopic simulations
on the bifurcation point K5 in Figure 4.2(a) is due to the fact that macroscopic simulations
cannot be run long enough for the chaotic transient to finish. Finally, if the coupling is
increased even further, one ends up in the highly irregular chaotic regime studied in [2, 16],
where the macroscopic equations (4.2) and (4.3) are no longer valid, since the oscillators

are not distributed along a smooth closed curve.

4.3 Stability of Splay State

The macroscopic equations can be used to perform the stability analysis of the splay state
by introducing the fields u(¢, t) and v(¢, t) which denote infinitesimal perturbations of the
probability Py = 1/(27) and of the radius Ry = +/1 — K, respectively. Upon linearizing
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Egs. (4.2) and (4.3), it is found that

vy = —2(1 — K)v + Avg + K Re[(1 + ic;)we™ ],

and
o1 — K K Re[(1 + icy )we
Ut :AU¢ + 2 Vg + [( 1) ] )
™ 2nv1 — K
where
A :ClK + 02(1 - K)
and

\/1—7/ do u(¢p l¢+—/d¢v

is the (linear) variation of the mean-field. It is composed of two terms: the former one is
the standard Kuramoto-type order parameter, while the latter accounts for fluctuations of

the curve C.

The linearized equations can be easily solved in Fourier space, i.e., by introducing

27

o(k,t) = / dov(¢,t)e™  and
0271'

k. 1) = / dgu(d, 1) |
0

(and the corresponding inverse transforms), since they become block diagonal.

For k # 41 (including k = 0),

(k)] = [-2(1 — K) — ikA] o(k) and

k), = —ik YR 50— ikAae)

™
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so that, the evolution of ¥(k) is closed onto itself and acts as an external forcing for the

dynamics of the probability density, yielding the eigenvalues

A = 91 - K) —ik(Key + (1 — K))  and
A — ik (Ko + eo(1 — K))

Altogether, the eigenvalues are arranged into two branches: the former corresponds to
stable directions associated to the C-dynamics; the latter corresponds to marginally stable
directions associated to the density dynamics (this includes the zero mode, whose marginal
stability is nothing but a manifestation of probability conservation). Overall the stability

of the angle distribution is reminiscent of the marginal stability of the Kuramoto model.

The only exception is the first Fourier mode of v(¢, t), that is coupled back to the shape

of the curve. For k = 1 one obtains

[a(1)]; = My, (1) + My, a(1)
where
K
My, =—24 2K —ifa-ta
2 2
My, = —7KvV1—K(1+ic)
M. — K i (CQ\/ 1-K KCl )
Y oanV1-K ™ Am/1— K
v K (4 Ko
2 2
Finally, the equations for £ = —1 are obtained by simply taking the complex conjugate of

the above expressions.

Accordingly, instabilities can and actually do arise within the four-dimensional sub-
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space spanned by the real and imaginary parts of the first modes (1) and @(1). In practice
one needs to determine the stability of the two dimensional complex system (4.5). Using

the Routh—Hurwitz criterion one finds two stability conditions

3K <2, and
(26} + 810, — G + O K2 — (] + 12010, = 3+ 12)K +4 + ey < 0

In the parameter region considered in this chapter, the second inequality reveals a loss of
stability for K > K; = (65 — 1/1025)/80 = 0.412304 . . ., which corresponds to a pair of
complex conjugate eigenvalues crossing the imaginary axis, i.e., a Hopf bifurcation. This

bifurcation gives rise to periodic SCPS, analyzed in the following section.

4.4 Periodic self-consistent partial synchrony

Our general formalism, based on Egs. (4.2,4.3), allows performing an analytical study of
SCPS in the T1 form using a similar approach than in Chapter 2. As in that case, this
simple form of SCPS is characterized by a non-uniform probability density, rotating with
a collective frequency w, which differs from the average frequency of the single oscillators.
In models where the interactions depend only of phase differences like the present one, w
is constant as well as the amplitude |Z| of the order parameter. In other words, periodic
SCPS corresponds to a fixed point of Egs. (4.2,4.3) in the moving frame 6 = ¢ — wt.
Since the origin of the phases can be imposed freely, we select a frame where Z is real and
positive, i.e., its phase vanishes (so that from now on, one can avoid the use of the absolute

value). The equations resulting from this change of variables are

R, = FIR.0,%] + {w — G[R, 0,7} Ry. (4.6)
and 5
= (P(e, t){w - G[R, 9,2]}). 4.7)
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accompanied by the self-consistent condition
2 )
/lwpwﬁRwﬁa%:z. (4.8)
0

By imposing the time derivative of R equal to zero in equation (4.6), we find that the
stationary shape of the limit cycle, Ry(f), can be obtained by integrating the following

ODE,
F[Ry,0,7]

W — Q[RO,G,E] ’

Once a (numerical) expression for R has been obtained, it can be replaced in the equation

[Ro(0)]o = —

4.9)

for P. The stationary solution P, can be thereby obtained by setting the argument of the
6 derivative equal to a new unknown constant: minus the probability flux 7. The solution
reads

. U
Py(0) = TGRS (4.10)

where 7 can be obtained from the normalization condition of the probability density
fo% Py, = 1. A complete expression for Ry (), and Fy(0) is finally obtained by deter-

mining the two remaining unknowns, z and w, from the complex self-consistent condi-
tion (4.8). The resulting shapes are reported in Figs. 4.4(a,b) for two different coupling
strengths. As expected, both R, and F, become increasingly nonuniform upon increasing
the coupling strength. Blue crosses in Figure 4.2(a) indicate the values of |Z| obtained

from this approach.

4.4.1 First order approximation of SCPS

In the rotating frame, where the curve R(6) does not depend on time, one can view the
term in curly brackets in Eq. (4.7) as the force field acting on an oscillator of phase 6, so
that G[R(#), 0] plays the role of the standard coupling term in ensembles of phase oscilla-
tors. The Kuramoto-Sakaguchi model is the simplest setup where the coupling is purely
sinusoidal, i.e., G = G'sin(y) + a — #), where G and v are the amplitude and the phase of
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4.4. Periodic self-consistent partial synchrony

the order parameter, respectively. In such a case, it is well known that either the splay state
or the fully synchronous solution are fully stable, depending whether « is larger or smaller
than 7 /2. Only for v = 7 /2 intermediate macroscopically periodic solutions (SCPS-like)
are possible, and, moreover, the dynamics is highly degenerate, since infinitely many so-
lutions exist and are thereby marginally stable. However, as illustrated in Chapter 2, if
a small second harmonic is added, this high degree of degeneracy is lifted and a finite
parameter region appears, where robust SCPS can be observed. How do such findings

compare with the scenario herein reported for QPOs?

First of all, it should be reminded that the emergence of SCPS in Stuart-Landau oscil-
lators has been already reported in the past (see [11]), a major difference being that the
theoretical and numerical studies refer to a parameter region where the single oscillators
do not alter their phase character and the coupling manifests itself as a nonlinear depen-
dence on the order parameter and, last but not least, SCPS emerges as a loss of stability of

the fully synchronous state.

In the present context, the stability analysis of the splay state reveals that there is no
need to include higher harmonics to correctly predict the onset of SCPS, as if they were
unnecessary. Since this result conflicts with our general understanding, we have performed
a perturbative expansion of the stationary solution in the vicinity of the critical point.
Slightly above K, the shape R of the attractor and the corresponding density distribution
Py of the phases are close to the splay state, so that one can write

Ro() = VI—K +r(0) (4.11)

Pi8) = 5= +p(0).

Expanding the self-consistent condition (4.8) up to linear terms, one obtains

. /0 " QPR
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2

s 2T
3| o)+ VI=R [ vl

T or 0
_ %m) FVIZ K1) (4.12)

By then expanding equation (4.9) up to first order, one obtains

2(1 = K)r — Kz\/1+ 2 cos(v — 0)
[r(0)]o = A :

where A := w + ¢; K + ¢»(1 — K), and v := arctan ¢;. By introducing the notations
2(1-K)

. KAi/1 2
age'® = —x —1 and A= —agA—i_ Cl,

one can write the solution of the ODE as
r(@) =zAcos(v+&—90) . (4.13)

Accordingly, 7(1) = 7zAe'**9). By expanding Eq. (4.10) in the same way, at zero order

one obtains 1) = —%, while, at first order,

_ 220(1 = K)r(0) + K21+ fsin(v —0)

0
p(f) oAV — K
By replacing the expression for r(6),
2c5(1 — K
p(0)=Cz [—M cos(v + & —0) +sin(v — 0)}
(lgA
where
K 144
C2arA\1-K
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By finally, recombining the two sinusoidal terms, one finds
p(0) =a,CZcos(v + v —0)

where "
4 —2(1 — K)cqe"
a’yew — ( )C2e —i.

CLgA

Thus, also p(f) is a purely harmonic function and j(1) = 7Za,Ce!®*). The overall
effect of the coupling is finally determined by inserting the expressions for 7(1) and p(1)
into Eq. (4.12). Since both terms are proportional to Z, we can interpret

A A . A
G = g.e? = Eel(&”) + 7a,CV1 — Ke'0t) |

as the expansion factor of Z in the presence of a given small modulation of both C and
the probability density. Imposing G = 1 finally allows determining a self-consistent so-
lution. More precisely, one can determine the frequency w of the collective rotation (so
far unspecified) and the bifurcation point K. For ¢; = —2 and c; = 3, one obtains
K = Ky ~04123... and w = w, = —2.5261..., i.e., in agreement with the stability
analysis of the splay state. Nevertheless, the amplitude z of the order parameter is un-
determined at first order. This observation is consistent with the degeneracy exhibited by
the Kuramoto-Sakaguchi model at criticality. Moreover, it implies that at least a second
harmonic needs to be included in the expansion to obtain a full closure of the equations.
This is at variance with systems such as the biharmonic model studied in Chapters 2 and
3, where the shape of the probability density is characterized by the presence of a finite
second harmonic from the very beginning. This fact anyway confirms that the presence of
second (or higher) harmonics is crucial for the sustainment of SCPS. In the present case

such harmonics are spontaneously induced by the modulation of C.

Additionally, the expansion derived in this section implies that, at leading order, the
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coupling function G can be written as the sum of two terms,

1 2
G=20V1—-Kr(0)— Kz 1+§ésin(l/—9),

where r is defined in Eq. (4.13) and v = arctanc¢;. Since r(0) is itself sinusoidal, G is
purely sinusoidal as well. The main difference with the Kuramoto-Sakaguchi model is that
here there is an additional indirect dependence of the order parameter through the mod-
ulation amplitude 7(0) of C. At criticality, the difference between the phase of the order
parameter and that of () is £ + v = —0.1736, while the difference with the phase of the
probability density is v + v = 0.0523.

4.4.2 Stability analysis of SCPS

Since (Ry(#), Py(#)) is a fixed point of Egs. (4.6) and (4.7), one can easily study the
stability of SCPS by determining the eigenvalues of the corresponding linear operator. Let
v(0,t) and u(6,t) denote an infinitesimal perturbation of Ry(6) and FPy(0), respectively.
By inserting R(0,t) = Ro(0) + v(0,t) and P(0,t) = Py(0) + u(d,t) into Egs. (4.6,4.7)

and retaining only first order terms, one obtains the linear evolution equations,

(0, 1)), = v(0,) F(0) + [v(0,1)], G (9) (4.14)
+w(t) X (0) +w(t)Y ) (0)

(9, )], = d% [0(0.0)F(9) + u(0, /)G(0) @.15)

+w(t)X(8) + ()Y ()]
where
27 )
w(t) = / dfe” (vPy +uRy) and
0
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2
w(t) = / dfe™ (vPy + uRy) (4.16)
0
are the mean-field contributions in tangent space and

FY(0) :=(1 — K) — 3Ry(0)* + 2¢2R,(9) Ro(6)

KZRy(0) .
+ RQ—(Z’)\H —|—c%sm(l/—9) :

GY(0) :=Kec, +w+ c,R2 — (9 \/1+clsm(u—9),

K 1+ cf 9
(v) _—_v- ' z
Ky\/1+¢c 9)
Y(v) 0 VT M (v— 9)
©)= 2 ( ZRo ))
z

KP G
F®(6) :=2¢,Py(0) Ry 09))2 \/ 1+ ¢ sin(

\/1—1—015111

G( (9) KCl +W+CQRO —
K Py(0)
X(u) [ 0 1 2 ’L(l/ 0)
) == Sr,@ Ve ’

K Py(6) )
Y(U) = 0 1 2 —i(v—0) )
(0) 22’R0(0)\/ + cje

The equations are better solved in Fourier space. By invoking the Fourier transform,
the integrals in the linearized mean-field expression (4.16) can be expanded as a linear
combination of {0(k,¢)}32  and {a(k, )} .,

w(t) = % S AR Po(1 — ) + (k) Ro(1 — k)
and o
b(t) = % S Sk Po(—1 — k) + a(k) Fo(—1 — k)
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Similarly, one can express Eqgs. (4.14) and (4.15) in Fourier space. Retaining the terms for

each wavelength & one obtains an infinite system of linear equations,

B0 = 5= D B [FO k= ) — GOk~ j)
+ XOR)P(L = ) + VO (R)Po(~1 - j)]
+ () [ X () Ro(1 = ) + VO (k) Fo(—1 = 5)]
and
Wl = S 3 0G) [0k~ ) + XOE) 1 = ) + TR B —1 - )]

() [ GOk = )+ X @) Ro(1 = ) + VO () Ro(—1 = )]

As done in the two previous chapters, it is possible to obtain accurate solutions by
truncating the Fourier series at a large enough wavenumber M. The correct eigenvalues
are thereby identified as those that are stable against an increase of M. Additionally, the
correctness of the selected values has been double checked by integrating the correspond-
ing eigenvectors (see Eqgs. (4.14,4.15)). Not unexpectedly, the most relevant eigenvalues

(and eigenvectors) do not require large M values.

Figure 4.4(e) shows the resulting spectra for X' = 0.413 and 0.414 (M = 400 modes
have been used in the Fourier expansions). Analogously to the splay state, there are ba-
sically two sets of eigenvalues, one having strictly negative real parts, while the other
corresponding to almost marginally stable directions (though not strictly vanishing as in
the splay state). For K = (0.413 all the directions are stable, except for the one correspond-
ing to the phase rotation, while for K = 0.414 a pair of complex conjugate eigenvalues is
present with a positive real part. The corresponding unstable eigenvectors are depicted in
Fig. 4.4(c,d).
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Figure 4.4: (a,b) Shapes of R((6) and P, for K = 0.413 (red) and 0.414 (black dashed) obtained by solving
Egs. (4.9,4.10). (c,d) Shape of the unstable eigenfunction v() and u(6) for K = 0.414. (e) Eigenvalues
resulting from solving the linear equations (4.14) and (4.15) with M = 400 Fourier modes for K = 0.413
(red circles) and 0.414 (black crosses).

Keeping track of such modes for different /& values, one can determine the second
bifurcation point Ko >~ 0.413765. According to this analysis, the bifurcation appears to
be a supercritical Hopf bifurcation, which gives rise to a new attractor: the T2 dynamics
indicated in Fig. 4.2(a). Nevertheless, as it can be read from the phase diagram, in this new
regime the limit cycle does not seem to correspond to a rotation around the unstable fixed
point. A detailed analysis of the dynamics of the system close to the bifurcation point
shows that the amplitude of the oscillations grows as /K — K, whereas the frequency
does not change significantly. We conjecture that the effect is due to the presence of in-
finitely many nearly marginal directions, which induce a detachment of the T2 attractor

from the plane spanned by the unstable directions of the fixed point.

4.5 Increasing dynamical complexity

An analytical study of time-dependent nonlinear regimes is typically unfeasible. So, from
now on, we proceed exclusively on a numerical basis, by relying on the integration of

both microscopic and macroscopic equations. The Poincaré section is a qualitative but
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informative tool to understand the dynamical properties of the different regimes observed
for larger values of K. Although it was already used in [15], here we consider different
observables for reasons that will be clear in a moment. More precisely, we introduce the
collective variables

k) —

n

2
/ dYR(, ta) P(1, t,)e™”
0

where t,, is the time at which |Z| reaches a local maximum. This definition is basically an
extension of the order parameters typically used to characterize phase oscillators, where
the radial contribution R is, for obvious reasons, absent. In phase oscillators, the 7 (k)
parameters are functionally related to one another whenever the Ott-Antonsen Ansatz is

valid [14]. It is therefore instructive to look at their mutual relationship.

In Fig. 4.5(a), we plot 7Y versus K. Since the Poincaré section reduces by one unit
the dimensionality of the underlying attractor, a periodic collective dynamics manifests
itself as a single point for a given K value. This is indeed what one sees for X' < K3,
although it should be noticed that the initial section of the curve corresponds to SCPS,
where the order parameter is strictly constant. The fuzzy region covered for K > Kj
corresponds to a tiny interval where a T3 dynamics initially unfolds, followed by a chaotic

regime, analyzed in more quantitative way in the second part of this section.

The panels (b1-b3) of Fig. 4.5 contain various Poincaré section in the T3 region (blue
dots) and in the chaotic region (red dots). The points have been obtained by integrating
the macroscopic equations. Analogous pictures have been obtained by integrating 32768
oscillators, but significantly blurred by finite-size effects'. The main message that one
learns by comparing the three Poincaré sections is that there is no functional dependence
among the first three order parameters, thus suggesting that they are really independent
variables — an indirect evidence that the Watanabe-Strogatz theorem does not apply to this
context.

How irregular is the regime which settles beyond /K,? How does chaos emerge? Ob-

I'The obfuscation of blue points clearly visible in panels (b2) and (b3) of Fig. 4.5 are also artifacts due to
the finite accuracy in the determination of the Poincaré section
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Figure 4.5: (a) Poincaré map of Z,(LD for different values of the coupling strength K computed using macro-
scopic simulations. The T1 and T2 regimes appear as stable fixed points, and T3 emerges through a Hopf-
bifurcation. Simulations computed along 2 x 10* time units after discarding a transient of 5 x 10° time
units. (b1-b3) Poincaré sections resulting from macroscopic simulations for X = 0.416 (blue dots) and
K = 0.4165 (red dots). Simulations computed along 10° time units after discarding a transient of 5 x 10*
time units. (c1-c3) The three largest Lyapunov exponents of the microscopic system computed over different
values of the coupling strength K. Circles indicate the average over ten different realizations, each starting
from a different initial condition. Gray crosses show the outcome of the different single realizations. Each
simulation consists of N = 4096 oscillators, with a quenched disorder of the order of 10~ !4, The total
computation time is of 107 time units, of which 10° are transient. Simulations computed using fourth order
Runge-Kutta with time step d¢ = 0.01. The Gram-Schmidt orthogonalization is invoked every 10 time steps.

taining a clean answer turned out to be arduous. In fact, one has to deal with: (i) long tran-
sients; (ii) the spontaneous formation of metastable states; (ii1) finite-size effects (in micro-
scopic simulations); (iv) the sporadic formation of highly localized, cluster-like structures

(in macroscopic simulations). All of them required much care and long lasting simulations.

We first focus on the computation of the standard, microscopic, Lyapunov exponents.

N = 4096 turns out to be sufficiently large to ensure negligible finite-size corrections. The
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convergence is nevertheless very slow and a good way to cope with it is by launching sim-
ulations from different initial conditions. Moreover, we also add a small heterogeneity of
the order of 104 among the oscillators in order to prevent the formation of spurious clus-
ters due to the finite floating point representation. The parameter dependence of the first
three Lyapunov exponents is summarized in Fig. 4.5(c1-c3). The three exponents appear
to become positive for approximately the same coupling strength K, ~ 0.4161.... This
is a first indication that we are before a new transition to chaos. It differs from the typical
transitions to low-dimensional chaos (period doubling, intermittency, quasiperiodicity),
which are accompanied by the change of sign of a single exponent. On the other hand,
there is no similarity with the transitions expected in high-dimensional systems, such as
spatio-temporal intermittency, where a bunch of exponents becomes positive, whose nu-

merosity is proportional to the system size [20]: a typical signature of extensivity.

A more detailed representation of the overall degree of instability is given in Fig. 4.6,
which shows the first 10 Lyapunov exponents deeply inside the chaotic region. All ex-
ponents beyond the third one are practically equal to zero. As a result, by virtue of the
Kaplan-Yorke formula, the underlying attractor is characterized by a large (possibly infi-
nite in the thermodynamic limit) dimension, in spite of the presence of just three positive

exponents: an additional reason to classify this regime as genuinely new.

How does the microscopic instability compare to the macroscopic dynamics? Fig-
ure 4.6, also shows the macroscopic Lyapunov exponents, obtained by linearizing the
evolution equations (4.2,4.3,4.4) along a generic trajectory. In spite of the large fluctu-
ations (especially those affecting the maximum exponent), the macroscopic spectrum is
very similar to the microscopic one. This correspondence is far from obvious and shall be
addressed in the final part of this section. Here, we just want to stress that the presence of

positive macroscopic exponents shows that we are before a form of collective chaos.

In all mean-field models so far investigated in the literature, collective chaos is ac-

companied by the instability of the single dynamical units, which can be quantified by
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Figure 4.6: The 10 largest Lyapunov exponents for K = 0.4165 computed using microscopic (red cir-
cles) and macroscopic (open black squares) simulations. The different points show the average over 10
(microscopic) and 50 (macroscopic) simulations starting from different initial conditions, with error bars in-
dicating the standard deviation. Macroscopic simulations computed over 2 x 10* time units after discarding
a transient of 5 x 103, Parameters for microscopic simulations as in figure 4.5(c1-c3).

interpreting the mean field as an external driving force and thereby determining the so-
called transverse Lyapunov exponent Ap. This is the case of logistic maps [21] as well as
of Stuart-Landau oscillators in a different parameter region [16]. From now on, we refer
to this regime as to standard collective chaos (SCC). We now show that the collective dy-

namics observed beyond T3 has a different nature.

In the present context, Ay can be determined by linearizing the evolution equation (4.1)

under the assumption that z(¢) is an external forcing,
U=[1—K(1+ic)Ju—(1+ic)z(22"u+ zu") , 4.17)

where u denotes an infinitesimal perturbation of z. This equation being two-dimensional
(u is a complex variable) is characterized by two (transverse) Lyapunov exponents. The
lower exponent is unavoidably negative (in the present case it expresses the stability of
deviations from the time-dependent curve C). Less trivial is the value of the largest trans-
verse exponent Ay, which quantifies the stability of perturbations aligned with the tangent

to the curve (C). The best way to describe the underlying phenomenology is by invok-
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ing the standard multifractal formalism, which takes into account the fluctuations of the
Lyapunov exponents (see, e.g., the book [22]). Let us start by introducing the generalized
Lyapunov exponent

L(q) = lim iln<|H(T)u|q)

T—00 qT

where H represents the Jacobian integrated over a time 7 (from Eq. (4.17)). £(0) corre-
sponds to the standard the Lyapunov exponent, while £(1) corresponds to the topological
entropy (in case there is a single positive exponent)”. In fact, £(1) yields the expansion
rate of an arc of initial conditions initially aligned along the most expanding direction. In
the current context, the orientation of the arc corresponds to that of the curve C. Since the
curve itself has a fluctuating but finite length, the length of any subsegment does neither

grow nor diverge in time, so that £(1) = 0.

Alternatively, the fluctuations of the Lyapunov exponent can be quantified by comput-
ing the probability P(A, 7) to observe a finite-time Lyapunov exponent A over a time 7

and thereby introducing the large deviation function S(A)

S(A) = tim 2P

T—00 T

The function S(A) is equivalent to £(g), the connection between the two representations

being given by the Legendre-Fenchel transform [22]
aL(q) = qA" — S(A")

where ¢ = S’(A*). In the Gaussian approximation

(A = Ap)?

S =55

where Ap is the standard transverse Lyapunov exponent, while D is the corresponding

2We warn the reader that a different definition is often found in the literature, where ¢ = 1 corresponds
to the standard Lyapunov exponent. Here we follow the same notations as in [22].
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diffusion coefficient defined as

D= limr<m—)\?p> .

T—00

As a result, one eventually finds that
(4.18)

Both Ay and D can be determined from the time evolution of (7) = 7A(7)’. In fact,
v(7) is the logarithm of the expansion factor over a time 7; it is basically a Brown-
ian motion with a drift velocity Ar and a diffusion coefficient D. For K = 0.4165,
upon integrating over 107 time units one finds a slightly negative Lyapunov exponent
Ar &~ (=1.7+£0.6) x 107°, while D =~ (4.4 +0.3) x 107°. As a result, from Eq. (4.18),
L(1) ~ (0.540.75) x 107>, a value compatible with the expected vanishing exponent. In
other words, the fluctuations of the finite-time Lyapunov exponent compensate the slightly

negative Ar and ensure a vanishing expansion factor for the curve length.

Altogether, the message arising from the multifractal analysis is that the (unavoid-
able) fluctuations of the transverse Lyapunov exponent induce a set of singularities for
the corresponding probability density (in the regular SCPS, there are no fluctuations of
the Lyapunov exponent which is identically equal to 0). A posteriori, this observation
accounts for the difficulties encountered in our simulations of the chaotic phase: in fact,
the formation of temporary clusters which so much affect the accuracy of our simulations,
irrespective whether they are carried out at the microscopic or macroscopic level, are noth-
ing but a manifestation of the unavoidable presence of singularities, which are intrinsically

associated to the self-sustainment of a fluctuating probability density.

We conclude this section by commenting on the similarity between macroscopic and

microscopic Lyapunov spectra. The correspondence is unexpected since they arise from

3Here, A(7) denotes the finite-time Lyapunov exponent computed by following a single trajectory from
time O to time 7.
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two different descriptions of the world. In the microscopic approach, the key variables are
the “positions” of the single oscillators, while the macroscopic approach deals with their
distribution in phase space. Imagine, for simplicity, to deal with /V particles constrained to
move along a given curve of fixed length: a virtually infinitesimal microscopic perturba-
tion corresponds to a shift of each particle over a scale that is by definition small compared
to the interparticle distance, of the order of 1/N. On the other hand, a perturbation of
the positions for it to be meaningfully interpreted as a perturbation of the corresponding
probability density must occur on a scale larger than the statistical fluctuations, which is
of order \/1/_N . A priori, there is no guarantee that the linarization of the microscopic
equations still hold over such “large scales" (see Ref. [23], for a more detailed discussion
of this point). In fact, in typical instances of SCC, macroscopic and microscopic Lya-
punov spectra substantially differ from one another. In the toy model of SCC discussed
in [23], the collective dynamics is characterized by a single positive macroscopic expo-
nent, while the number of positive exponents is proportional to the number of oscillators,
in the microscopic dynamics. The main point of discussion is whether and when some
of the microscopic exponents “percolate” to the macroscopic level. In Ref. [16] it is con-
jectured that this happens whenever the corresponding covariant Lyapunov vector has an

extensive nature, but it is still unclear under which conditions this opportunity materializes.

So, what is the difference with the collective chaos discussed in this chapter? The
stability analysis of splay states in leaky integrate-and-fire (LIF) neurons can help to shed
some light. At the collective level, the state splay corresponds to a trivial staionary home-
geneous distribution and its stability can be studied by diagonalizing the corresponding
linearized evolution operator. This step was already performed in the early’90s, determin-
ing an analytical expression of the entire spectrum in the weak coupling limit [24]. More
recently, the same problem was revisited from the microscopic point of view, analyzing
an arbitrary number /N of neurons [25], finding that the leading exponents progressively
approach the macroscopic ones (upon increasing /V), analogously to what observed in
Fig. 4.6. The main difference between splay states and SCC is the absence of microscopic
chaos and thereby the absence of the statistical fluctuations of size 1/+/N which would
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otherwise represent a sort of “barrier” separating the microscopic from the macroscopic
world (see [23] for additional considerations of this point). The maintanance of ordering
observed in the collective chaos discussed in this chapter, makes it closer to the splay state
than to SCC.

4.6 Conclusions

In this chapter we have developed a formalism that allows characterizing an intermedi-
ate regime where amplitude oscillators — while keeping some phase-oscillator properties
(i.e., the alignment along a smooth curve) — still exhibit amplitude dynamics. Our analy-
sis deals with Stuart-Landau oscillators, but nothing precludes the application of the same
formalism to generic amplitude oscillators, in so far as their evolution remains confined to

a smooth curve C.

We confirm that SCPS is a generic regime: a necessary condition for it to be self-
sustained is the presence of more than one Fourier harmonics in the effective coupling
function, a property that is here induced by the amplitude dynamics. Our formalism allows
for an almost analytical characterization of periodic SCPS and, in particular, to determine
the bifurcation point, beyond which more complex time-dependent states arise. If SCPS
is by itself a non-intuitive regime, since the single oscillators behave without display-
ing any locking phenomena, the chaotic SCPS described in Section 4.5 is even more so.
Each oscillator, under the action of the self-sustained chaotic mean-field, is consistently
marginally stable (the transversal generalized Lyapunov exponent defined for ¢ = 1 being
equal to zero) when the coupling strength is varied. An implication of this observation is
that the probability density is unavoidably characterized by the presence of singularities

that manifest themselves as temporary clusters.

If and when the transversal Lyapunov exponent becomes positive, a transition to SCC
occurs, accompanied by the divergence of the curve C, which would thereby “fill” the
phase space (in a fractal way). In the parameter range explored in this chapter, this tran-
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sition is preceded by the onset of a non-conventional incoherent state (i.e., nonuniform
distribution characterized by a zero order parameter), which restores a perfectly circular
shape of C. It will be worth clarifying the possibly universal mechanisms that may lie

behind such a kind of transition.

Finally, the onset of a chaotic SCPS is itself an entirely new phenomenon which in-
volves the simultaneous emergence of more than one positive Lyapunov exponent (actually
it looks like three of them). While we could imagine simple mechanisms for the emergence
of discontinuous changes (see, for instance, attractor crises), the justification of a continu-
ous transition such as the one discussed in this chapter is by far more intriguing. Last but
lot least, the question whether chaotic SCPS can be observed in perfect phase oscillators

remains open.
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Chapter 5

Dynamical invariance in complex

networks

5.1 Introduction

Networks of interacting elements provide a formal representation to model the structure
of many complex systems [1, 2], such as social interactions [3], transportation models [4],
ecological systems [5], and neuronal functions [6]. The dynamical behavior of such sys-
tems cannot be explained as a simple superposition of the dynamics of the single units:
one also needs to account for how the different elements interact (type of coupling) and
which connectivity structure links the elements (network topology). Dynamical systems
on complex networks have been widely studied [7]. However, a general theory to fully
resolve the subtle interplay between network structure and ensuing dynamics is still lack-
ing, notwithstanding notable efforts which combine fundamental [8, 9, 10] and applied

expertise [11, 12].

The interactions between units in the globally coupled systems considered in the pre-
vious chapters was determined by the difference between the value of each unit and
the incoming mean-field. The extension of this situation to irregular network topology

corresponds to reaction-diffusion systems with identical single node dynamics. In this
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case, the coupling between the units always admits a homogeneous state where all the
nodes are synchronized. If such equilibrium proves unstable, any arbitrary perturbation
grows through the unstable directions giving rise to irregular spatio-temporal patterns
[13, 14, 15, 16]. In principle, the specific shape of such patterns depends on both, the
dynamics and the network topology, so that it is not easy to predict nor to reproduce.
Nevertheless, it is possible to analyze the stability of the homogeneous solution and its
dependence on network topology. This irregular behaviour represents then the functional
response to a given input which can be traced back to the structural characteristics of the

underlying network [17].

Whereas, in general, a random change on the network topology would lead to a mod-
ification of its dynamical response, it is also presumable that a specific outcome is not
unique from a particular network, so that similar patterns might arise from different iso-
dynamic topologies. The identification of different compatible structures that give rise to
the same dynamical behavior represents an important leap forward in the study of complex
networks dynamics [18]. For instance, it paves new roads to devise network reconstruction
protocols, in cases where more than one network can correspond to the same dynamical
output. Upon analyzing the common topological properties that contain the dynamical

information of the system, one might overlook the inaccessible details of the topology.

This chapter explores two different methods to, given a specific network, generate a
second network isodynamic to the first one, so that they share the same dynamical re-
sponse. For this purpose, we exploit the idea that just part of the degrees of freedom
stored in the network proves significant for the emergence of a specific dynamical behav-
ior [19, 20, 21]. The first method is exact, since it directly acts on the subspace generated
by the Laplacian eigenvectors characterizing the stability of the equilibrium state. On the
other hand, the second technique relies on a Monte-Carlo algorithm that allows for a neater
control in terms of network topology. In brief, the goal of this work is to prove that it is
possible to provide two (or more) structurally different complex networks so that inserting

the same input on them can lead to the same output.
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This work has been developed in collaboration with Giulia Cencetti (University of

Florence) and Duccio Fanelli (University of Florence).

5.2 Dispersion relation and pattern formation

Let us consider a generic system composed of N identical entities linked through a com-
plex network. At time ¢ the activity of node j is described by an m-dimensional variable
w;(t) € R™. Starting from a specific initial state w;(0), the dynamics of w, evolves

according to

N

w; = Flw;) + K> ApGw, —w;)  j=1,...,N (5.1)

k=1

where A denotes the adjacency matrix of the network, and F : R — R™ and G : R™ —
R™ are generic continuous functions. The first term on the right hand side of the equa-
tion describes the self-dynamics of each individual node 7, and it is denoted as reaction
term. The second term instead, defines the interaction of node j with the other nodes of
the network: the existence of a coupling is set by the adjacency matrix A, while the in-
teraction shape is established by function G. Our analysis requires two assumptions: (i)
there exists an equilibrium w; = w™ for the uncoupled problem w; = F(w;), and (ii)
function G annihilates in zero (G(0) = 0). The uncoupled equilibrium w* can be either
a stationary fixed point or a limit cycle. Whatever the case, the second condition ensures
that w* becomes a homogeneous solution of the system (5.1). The case in where G is
a linear function are known as reaction-diffusion systems. This constraints can be also
generalized in order to include networks of homogeneous Kuramoto-Daido systems with

arbitrary coupling functions [22, 23, 24].

At the homogeneous equilibrium w* no information is flowing through the network.
However, if such state proves unstable, a generic small perturbation dw of w* can develop
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to an irregular spatio-temporal pattern. A linearization of equation (5.1) around w* pro-
vides the time evolution of the perturbation w € RY™ as a system of N linear ordinary

differential equations, each of them with dimension m,
dw = J(w*)dw,

where J € RYM™ x RY¥™ is the Jacobian matrix of the system. In particular, the m-

dimensional equation associated to a perturbation of node j, 5 = 1,..., N, reads
' N
61; = B, F(w')dw; + K0,G(0) Y Ay — ") dwy = Z Jdwy, , (5.2)
k=1

where kj(.in) stands for the in-degree of node j, and J; is the Kronecker delta. There-
fore, the stability analysis of w™* turns into studying the high-dimensional operator J (w*).
Nevertheless, it is possible to link the diagonalization of the Jacobian to that of a simpler
operator. In the linearized regime, the flow of the quantity dw; to another node i of the
underlying network is described by the term A;; = A;; — kS“)(SM. The resulting N x N

matrix A is known as Laplacian of the network.

Let us consider the diagonalization of the Laplacian,

> A = Al (5.3)
k

where A(®) is the ath Laplacian eigenvalue, and ¢(®) = (d);-a)) the respective eigenvector.
We can now express the perturbation w on the basis of the Laplacian eigenvectors,
N
Sw;(t) =y calt)o)”, (5.4)

a=1

where ¢, € R™. Inserting this expression on (5.2) and making use of (5.3) the time

124
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evolution of dw reads

N N N
dw; = 6a()6) = 0, F(w) Y cat)dl + K8,G(0) Y A@e, (1)o).
a=1 a=1 a=1

Finally, using the linear independence of the eigenvectors, the previous equation can be

decoupled to a m-dimensional system for each «
Co(t) = Jpeu(t) (5.5)

where the i x m matrix J, = 8, F(w*) + K8,G(0)A® is the a-th diagonal block of

a new Jacobian matrix J € RN™ x RN™,

At this point a distinction becomes necessary. If the new Jacobian is constant in time,

a simple solution of Eq. (5.5) takes the form ¢, (t) = cq(0)e* ™!

and it is straightforward
that in order to admit a non-trivial solution of Eq. (5.5) the determinant of ja — \eq
must be zero. From this condition we obtain A(®) = ()\,(co‘)) which configures as the set of
eigenvalues of the block J.,. If instead the Jacobian is periodic in time due to the limit cycle
solution (J,(t + T) = J,(t)), the Floquet theory [25, 26, 27] comes into play. This latter
allows us to express again the temporal dependence of the perturbations dw as an exponen-
tial function: ¢+, where ,u,(f) are the Floquet exponents, defined by ,u,(f) = log(p,(fa)) /T

with p{*) eigenvalues of the constant matrix B such that det(B) = exp][ [ tr(J,(t))dt].

In both, the static and the periodic case, the stability of the system is assessed by the
component of respectively A(*) or pu(® with maximum real part and its relation with the
Laplacian eigenvalues is called the dispersion relation. This result is the extension of the
dispersion relation defined on a regular (continuous or discrete) medium to the case where
the support is irregular. The analogy relies on the identification of the eigenvalues and
eigenvectors of the network Laplacian to the Fourier wavelengths and modes used when

the support is periodic.
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If the dispersion relation of a subportion N, of the total N eigenvalues A is positive,
then any perturbation would grow through the unstable modes. The resulting irregular
spatio-temporal pattern thus represents the unpredictable response of the system to a spe-

cific input signal.

5.3 Topology modification

The dispersion relation provides an effective tool to relate the dynamics of the homoge-
neous solution to the topology of the network via the network Laplacian. It is however
reasonable to suppose that most of the relevant information is stored into the unstable
manifold of the homogeneous solution w*, as we will prove later on. In this section we
propose two methods to modify a given discrete support of the system while preserving

the relevant directions for the emergence of the pattern.

5.3.1 Eigenmode randomization

The first method for network modification consists of preserving a subportion n of the
total /V eigenmodes of the original network Laplacian whereas the rest are modified. Let
us suppose, without loss of generality, that the subset of modes to be left invariant are the

first n. We define the diagonal matrix ]X, such that

A@ if a<n
A L 5A@ if o >n.

Ale) —

The corresponding eigenvectors are modified by performing a change of basis

i 1,| o
=

where 1,, is the identity matrix of dimension n and Ry_,, € SO(N — n) is a random

rotation matrix. In order to practically obtain such rotation we perform QR decomposition
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5.3. Topology modification

of a random matrix. Taking care of preserving the uniform mode, which corresponds to an

identical perturbation acting independently on each node, the transformation

A = AP

defines a new Laplacian matrix. Nevertheless, if the original network is directed, the
resulting Laplacian might not be real but complex. In Section 5.4.1 we provide more

details on how to overcome this situation.

5.3.2 Local rewiring

The previous method does not provide any control whatsoever on the topological modifi-
cations introduced in the new Laplacian. For this reason, we propose a secondary route
that acts at the level of single nodes. For many network structures, the Laplacian eigen-
vectors are well localized on the network, i.e., their coordinates in the original vectorial
space mostly involve a small subset of nodes, different for each eigenvector [28]. There-
fore, modifying some eigenvectors means acting mainly on the connections of a specific
subnetwork, and vice versa. With this method we aim to identify and modify links among

nodes that are poorly involved on the n-dimensional manifold one wants to preserve.

We rely on a Monte-Carlo algorithm that proceeds as follows. Given the original
network, we choose a random non-diagonal entry of the adjacency matrix, A;;. If the entry
indicates the existence of a link between node ¢ and node 7, such link is removed, otherwise
it is created. We then compare the n eigenvalues and eigenvectors of the modified network
with those of the original one, and only if they prove similar the change is accepted. To

assess the similarity of the original and modified spectra we use the error function
E=NE, + E

where
1 o~ -
E == A@ _ Ale))2
== az::l| |
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and
Zl V) — 1P,

The factor N is used to ensure that both terms in the expression of £ are of the same order.
Then, a change on the adjacency matrix is accepted if £ is smaller than a certain threshold
error, 7 > (0. The process is repeated selecting new random entries over the modified
adjacency matrix until a desired number of links have been changed or the method fails to

detect new entries that lead to small error.

5.4 Results and discussion

5.4.1 Eigenmode randomization
The Ginzburg-Landau model

In order to test the different methods we use the Stuart-Landau oscillator as a reference
system for the dynamics of each node. As explained in Chapter 1, this model is the canon-
ical form of the Hopf bifurcation,i.e., it describes a generic limit-cycle at the vicinity of
a bifurcation where a fixed point becomes unstable through a pair of complex conjugate
eigenvalues crossing the imaginary axis. Therefore, it has been studied in a wide number

of applications where periodic oscillatory behavior is relevant.

We first consider an ensemble of Stuart-Landau oscillators occupying the nodes of an

undirected network with a diffusive coupling.
= wy — (1 ico)|w;[Pw; + (14 ic ) K Y Ay
k=1

where ci,co, K € R and w; € C. If the interactions where all-to-all, one would re-
cover the system studied in Chapter 4. When considering spatial support, as in this case,
this equation takes the name of complex Ginzburg-Landau (CGL) equation [29, 30, 31].
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Such system always accepts a homogeneous time-dependent solution, corresponding to
the limit-cycle of a single decoupled element of the network w;(¢) = w*(t) := e~*2*, We

focus our analysis on this globally synchronous state.

Even though w* is time-dependent, the Jacobian J., is constant in time, and following
the procedure explained before, we obtain the dispersion relation characterizing the linear

stability analysis of the limit cycle solution,

M=KA®@) = KA® — 14 \/ —AK2(A@)2 4 2¢1c, KA@ + 1.

The Laplacian matrix always has a zero eigenvalue associated to a uniform eigenvector
d© = (¢ . ¢\0) x (1,...,1), and all remaining eigenvalues are negative. Thus,
A(0) = 0 corresponds to the maximum eigenvalue of to the uncoupled equation. De-
pending on the system parameters, function A might have a positive part, corresponding
to the smaller Laplacian eigenvalues in absolute value. Therefore, a particular network
with N nodes might have N, < NN Laplacian eigenvalues associated to unstable modes.
From now on, we assume that the Laplacian eigenvalues are sorted in descending order,
A® =0> AWM > ... > AN 5o that the N, unstable modes correspond to the Laplacian

eigenvalues with index ranging from 1 to V..

Erdos-Renyi networks

We first test the eigenmode randomization method using as original topology an Erdos-
Rényi (ER) network with N = 100 nodes and average node degree (k) = 3.5. Fig-
ure 5.1(a) shows the dispersion relation of associated to this network for system parameters
K =1,c =1, and ¢, = —3, (see blue circles). In this case, the system presents N, = 44
unstable directions (A > 0), associated to the first (smallest in absolute value) Laplacian
eigenvalues, without counting the zero mode associated to the uncoupled system. We inte-
grate the system using as initial condition a randomly generated small perturbation of the
homogeneous limit-cycle solution. After a short transient, the system reaches a dynami-

cal regime characterized by an irregular spatio-temporal pattern depicted in Figure 5.1(b)
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Figure 5.1: Emergence of spatio-temporal patterns for a Erdos-Renyi network with N = 100 nodes and
(k) = 3.5. (a): Dispersion relation of the network (blue open circles). (b): Time-averaged modulus of the
dynamics expressed in the basis of the Laplacian modes. (c): Time evolution of the modulus of each node
coded in color. (d): Logarithm of the power spectral density of each node in color code.

and replicated to Figure 5.2(g) to facilitate future comparisons. Figure 5.1(b) shows the
time-averaged modulus of the coefficients @ from (5.4), i.e., the coefficients of w;(?)
expressed in the basis of the Laplacian eigenmodes. Thus, it is clear that the modes mostly
involved into the patterns are those associated to unstable directions. Throughout this
Chapter we focus only on each oscillator modulus, since the frequency of rotation does
not seem to contain relevant spatial structure, Indeed, Figure 5.1(d) reports the oscillation
frequency of the complex variable w;, which looks approximately the same for each net-

work node.

We aim to generate a new topology that reproduces such dynamical behavior by leav-
ing invariant a subset of the original network modes. Taking into account that the Lapla-
cian eigenvalues are sorted in descending order, we preserve the first n modes and modify

the rest using the eigenmode randomization method. As an illustrative example, Fig-
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Figure 5.2: Results corresponding to an Erdos-Renyi undirected network with N = 100 nodes and average
degree (k) = 3.5. (a-f): Outcome of the implementation of the eigenmode randomization preserving 10
(a-c) and 40 (d-f) modes. (a,d): Time evolution of the modulus for each node of the modified network. (b,e):
Section of the dispersion relation A showing the unstable eigenvalues for the original (red open circles) and
modified network (blue closed circles). (c,f): Relation between the time-averaged modulus of each node on
the modified network and that of the original network. (g): Time evolution of the modulus of each node of
the original network. (h): Squared correlation coefficient between the time-average modulus of each node
on the modified network and that of the original network for different number of preserved modes. Purple
circles correspond to networks where the first n Laplacian eigenvalues are preserved. Grey squares and grey
triangles are the outcome of two different realizations where the n preserved modes of the modified networks
are selected at random.

ure 5.2(a) shows the pattern resulting from a network where only the first n = 10 modes

of the original topology are preserved and all the others have been randomized. Manifestly,
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Figure 5.3: (a) Original ER topology. (b) Network resulting from preserving all the unstable modes. The
color of the nodes correspond to the time average modulus of W, each link thickness is associated to its
weight and blue links indicate negative contributions. (c) Node degree distribution of the original network.
(d) Node strength of the modified network.

such outcome has little similitude with that of the original network (cf. with fig. 5.2(g)).
Figure 5.2(b) shows a zoom on the unstable part of the dispersion relation for the modified
network (red dots), and that of the original topology (blue open circles). Overall is plausi-
ble to explain the disagreement between the dynamical behavior of the two networks from
the large difference between the corresponding tangent space of the synchronized solution.
Repeating the procedure with n = 40 preserved modes instead, leads to the pattern from
Fig. 5.2(d). In this case, the behavior of the modified topology resembles much better that
of the original network, and observation which is to be traced to the similitude between

the dispersion relations of the respective unstable manifolds (see Fig. 5.2(e)).

In order to make the comparison between different patterns more transparent, we com-
pute the time-average modulus of each node, (|w,|) after discarding a transient of 1000
time units. Figures 5.2(c) and (f) show the resulting mean node activity of the modified
networks versus that of the original one for n = 10 and n = 40 respectively. An outcome
from two identical patterns would lie exactly on the diagonal, while two completely inde-
pendent processes would provide a random collection of points. One can then quantify the
similitude between the modified and original patterns in terms of squared Pearson corre-
lation coefficient 22, which is 0.38 for n = 10 and 0.97 for n = 40. Figure 5.2(h) shows

the outcome of repeating this analysis systematically for increasing number of preserved
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modes n. When the modes to be preserved are selected to be the first n, the correlation
between the patterns of the modified and original networks increases quickly with n, reach-
ing a very good agreement when approximately all the 44 unstable modes are preserved
(see red circles). On the other hand, if the n invariant modes are randomly selected among
all the NV, even when a large number of directions are maintained, there is no guarantee
that the modified network will respond similarly to the original one (see gray triangles and

squares).

The eigenmode randomization technique does not provide, a priori any information
about the structure of the resulting network. Figure 5.3(a) and (b) shows the topologies
of the original network and a modified version where all the 44 unstable modes have been
preserved. The first obvious difference one can see is the existence of weighted links,
including negative ones (see blue edges), which are absent in the original network. The
adjacency matrix loses its sparsity and the network becomes highly connected, although

most of the new links are very weak. In order to compare the two networks we focus on the

N
m=1

strength s; of each node, defined as s; = > Ajm, which extends the concept of node
degree to weighted topologies. Figure 5.3(c) and (d) illustrates the degree distribution of
the original network, and the strength distribution of the modified topology, respectively.
Although the distribution of the new network looks different from the original one, it does
not present any particular structure, as expected for a random topology. In fact, the average

strength of the new network coincides with the average degree of the initial support.

Scale-Free networks

In order to further investigate the relation between the Laplacian eigenmodes and network
topology, we next move to a case where the network has a specific structure. For this
purpose we use Scale-Free networks (SF), characterized by a typical power law degree
distribution. Figure 5.4(a) show an example of such degree distribution for a network
composed of 150 nodes built using the Barabasi-Albert [32] preferential attachment algo-
rithm. Fixing the parameters of the CGL equation as K = 1, ¢; = 1.2, and ¢, = —10, the

dispersion relation of this network shows N. = 76 unstable modes. We apply the eigen-
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Figure 5.4: Outcome of the eigenmode randomization technique using as original network a scale-free
topology with N = 150 nodes. (a) Degree distribution of the original network (blue boxes). The continuous
red curve corresponds to a numerical fit of the data to an exponential shape P(k) = ck~%, resulting to
¢ = 0.23 and 8 = 0.85. (b) Strength distribution on a modified version of the network where the 76
unstables modes have been preserved. (c) Node strength s; of the modified network with respect to the node
degree of the same node k; in the original network. The black dashed line shows the case s; = k; for eye
guide. (d) Correlation between the dynamical patterns of the original and modified networks, with resulting
squared correlation coefficient R? = 0.99. (e) Eigenvectors of the original Scale-Free network Laplacian.
The eigenvalues are sorted in descending order according to the corresponding Laplacian eigenvalues, and
the nodes have been sorted in descending order with respect to their degree. The color represents the absolute
value of each eigenvector component. (f) Squared correlation coefficient as the number of preserved modes
n increases. Red circles, blue squares and black crosses indicate the results corresponding of three different
initial conditions. The vertical dashed line indicates the threshold between unstable and stable modes.

mode randomization technique to generate a new support taking care to preserve all the
unstable directions, but none of the stable (n = N.). The patterns resulting from inserting
the same perturbation to the synchronized solution on both networks are highly alike, as
can be seen from the correlation Figure 5.4(d). Differently from the ER case, here the
modulus of each node gets stationary after some transient, so such time-average activity is

free from statistical fluctuations.

134



5.4. Results and discussion

The topology of the new network is, again, highly connected and involves negative
links. Morevoer, the node strength distribution (see Fig. 5.4(b)) does not preserve the
scale-free structure of the original topology. To identify the nature of this strong changes,
in Figure 5.4(c) we plot a one to one comparison between the degree of each node of the
original support and the corresponding strength on the new topology. This analysis reveals
that nodes with smaller degree on the original setup have a comparable strength after the

modification, whereas the hubs become much weaker.

The localization properties of the Laplacian eigenvectors allow us to understand this
situation. Inspired by the analysis performed by Hata and Nakao in [28], Figure 5.4(f) de-
picts the absolute values of the vector components |¢£°‘) |, where nodes are sorted according
to their degree in descending order (k1 > ky > ... > ky), whereas the eigenmode index
« follow the usual descending order of the eigenvalues. The almost diagonal behavior
indicates that the eigenvectors associated to the eigenvalues with smaller absolute value

mostly involve the less connected nodes of the network.

This implies that all the networks generated with the eigenmode randomization pro-
cedure will mostly differ from the original one for what concerns the nodes characterized
by a large degree k;. For this reason the characteristic shape of the degree distribution is
not preserved in the second network. Nevertheless, in dynamical systems with a different
shape of the dispersion relation it might be possible to maintain the tail of the distribution
if the stable modes are to be found among the first Laplacian eigenmodes, as will be shown

in the next chapter.

Finally, we repeat the procedure of systematically increasing the number of invariant
modes n from 1 to 150 and tracking the resulting correlation coefficient, Fig. 5.4(f). For
each new network we analyze the dynamical patterns resulting from inserting three dif-
ferent randomly generated perturbations. As for the ER case, the correlation between the
dynamics of the original and modified topologies increases quickly with n, being nearly
optimal when all the unstable modes are preserved (see vertical dashed line). Neverthe-
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less, the choice of the initial condition is clearly relevant: whereas in one case preserving
around 40 modes already provides a good agreement (see black crosses), in other situations
one might need to preserve also a considerable number of stable directions to reproduce
the original pattern (see red circles). This differ from the case of the ER network, where

different initial conditions where attracted to the same pattern.

Brusselator model

In order to assess the versatility of the proposed method, in this section we briefly illustrate
the case of a different system for the self-dynamics of the single nodes: the Brusselator
model. This system displays a stable homogeneous fixed point, with a intrinsically dif-
ferent profile of the associated dispersion relation. [33, 34, 35], and is described by the

following equations [36]:

i =a— (b+d)x; +cxly; + Do Y, A
§i = by — cxty; + Dy 32 Nijy;

with x;,y; € R. This system admits as a solution the homogeneous fixed point (z;, y;) =
(4, %) Vi, whose stability depends on the reaction parameters as well as on the underly-
ing network of connections. By using the same SF reference network than the previous
section, and fixinga = 7,b = 10.2,c=1,d = 1, D, = 0.1 and D, = 1.4, the disper-
sion relation assumes the form depicted in Fig. 5.5(a). The presence of eigenvalues in the
positive branch of the curve implies the instability of the uniform fixed point, causing the

emergence of irregular patterns.

It is clear that here, differently from the CGL case, the unstable manifold (which con-
tains most of the pattern information) is generated by the modes corresponding to the
largest eigenvalues in absolute value. The modes which can be (almost) safely modified
in order to generate an isodynamic network consequently correspond to the eigenvalues
closest to zero. This amounts to act on the less connected nodes of the network, (see

eigenvectors localization in Figure 5.4(f)). The network originated from this procedure
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Figure 5.5: Results obtained from the Brusselator model. (a) Dispersion relation of the original network
(blue open circles), and that of the modified network (red small circles). (b) Node strength distribution of
the modified network (green boxes) and the corresponding fit to a power law P(k) = ck~%, with ¢ = 22.3
and 8 = —2.29 (red curve). (c) Time average activity of x; for the modified and original networks, the
corresponding squared coefficient correlation is R? = 0.85 (d) Time average activity of y; for the modified
and original networks, with R? = 0.74. The few clearly out-diagonal points correspond to low connected
nodes.

preserves then the tail of the characteristic power law shape in the degree distribution, as
depicted in Figure 5.5(b). Figures 5.5(c) and (d) prove the similarity between patterns, as
obtained by letting the Brusselator model evolve on the original and on the modified ver-
sion of the SF network, starting from the same initial conditions. Despite some outliers,

most the nodes behave in a similar way to those of the original network.
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Figure 5.6: (a): Original (red open circles) and modified (blue closed circles) eigenvalues in the complex
plane, the coloured area corresponds to the instability region. (b): patterns correlation, corresponding to
R? = 0.95.

Eigenmode randomization for directed networks

The procedure outlined in Section 5.3 requires a special attention when applied to a system
where the spatial support is a directed network. The main difference lies in the asymmetry
of the Laplacian matrix, so that the eigenvalues and eigenvectors are in general complex.
In this case, the unstable eigenmodes can be identified by observing how the eigenvalues
are placed in the complex plane. An instability region, corresponding to the positive part
of the dispersion relation, can be delineated following the procedure explained before,
as it is represented in fig. 5.6. The eigenvalues appearing in this region correspond to
the eigenmodes that compose the unstable manifold, which should be preserved to obtain
similar patterns in a secondly generated network. All the other eigenvalues and eigen-
vectors can be modified so as to obtain a new Laplacian matrix. Let us recall that the
eigenvalues A(®, due to the fact that the original Laplacian matrix is real, either are real
or are complex and come in conjugate pairs. The same happens for the components of the
eigenvectors ¢(®). These characteristics need to be preserved during the randomization in
order to obtain a meaningful spectrum for the new Laplacian. However, if the eigenvec-
tors modification is done by using a rotation matrix, the new eigenvectors ¢° will not in
general preserve the complex conjugate couples, which happen to be randomly rotated in

the (N — n)-dimensional space. This ultimately implies that the imaginary parts do not
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mutually cancel out and that the entries of a Laplacian obtained from

A= PAP!

would be, in general, complex.

Nevertheless, by cutting away the imaginary part of A, is possible to obtain yet a third
version of the Laplacian, A = Re(A), with an associated new set of eigenmodes that
still serve to our aim. In fact, the new eigenvectors and eigenvalues are real or complex
conjugate and in particular, the n eigenmodes of the original Laplacian to be left invariant
are still preserved. In fact, the Laplacian A, even if complex, is built so as to correctly
maintain the unstable manifold. Hence, its imaginary part (which is eliminated in defining
A) only involves the stable eigenmodes. Therefore, cutting out the imaginary part of A
translates into a second randomization of the stable directions, without affecting the un-

stable manifold where the pattern information is eventually stored.

Let us now proof this statement rigorously. We consider the imaginary part of a generic

(1,1) Laplacian entry:

7,l = ZA (I)Re za ) ((I)Im)za(q)h&)al]
FAL[(PRre)ia(Pr)ar + (Prm)ia(Pre)al- (5.6)

where éﬁé and @fn} are the real and the imaginary part of the eigenvectors matrix. The
sum over « can be separated into two sums: one over &« = 1,...,n, the other over o =
n+1, ..., N, the first containing all the unmodified eigenmodes, the second the randomized
ones. We shall prove that the first sum is equal to zero. Let us begin by observing that for
index o up to n the eigenvalues A and eigenvectors gz~5 appearing in the sum can be replaced

by the original A and ¢. Considering a conjugate couple labeled with 5 and ~, one has
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AD) = (A®)* with

(Pre)iry = (PRe)is

(O1m)iy = — (O )ig
and

($re)rt = (Dro)an

(@1t = — (D1 )t
This implies the cancellation in pairs of the terms corresponding to complex conjugate
couples. For what concerns the remaining terms, corresponding to real eigenvalues and
eigenvectors, it is clear that all the terms in (5.6) are automatically zero (remember that

qu_ll = ¢;;). This proves the claim.

In fig. 5.6(a) the eigenvalues of an original random network with N' = 100 and (k) =
10.2 are displayed in the complex plane together with those of the modified spectrum.
The instability region has been drawn by again using the CGL equation as self-dynamics.
Fig. 5.6(b) shows the correlation between time-average modulus patterns obtained from

the original and the network generated from the Laplacian A.

5.4.2 Local rewiring

The second method we present offers the advantage of a larger control on the resulting
network topology so that, for instance, one can keep the network binary. On the other
hand, one needs to allow for some variability also on the unstable manifold due to the non

perfect localization of the Laplacian eigenmodes on a specific subnetwork.

We first apply the local rewiring technique on a ER network with N = 400 nodes and
average degree (k) = 20. At each step the tolerance of difference between the unstable
manifolds of the original and modified networks is set to 7 = 10~!. For system parameters
K = 0.15, ¢c; = 1, and co = —3, the system displays 64 unstable modes. The algorithm
stops after 100 positions on the adjacency matrix have been changed. For comparison

purposes, we also created three different networks where 100 entries on the adjacency ma-
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trix have been changed totally at random. Blue circles in Fig. 5.7(a) show the correlation
between the patterns of the original and the resulting network, whereas the gray symbols
correspond to that of the random rewired graphs. The dynamical behavior of the network
obtained using the local rewiring method provides a better agreement with the original pat-
tern. We obtain similar results when using SF network generated with the Barabasi-Albert
algorithm (see Fig. 5.7(b)). Although these results change upon inserting different initial
perturbations, the rewiring technique outperform the random modified networks in most

of the cases.

In terms of topology changes, Figures 5.7(c) and (d) show the total number of links
that have been modified for each node of the network. It is clear that most of the changes
correspond to nodes with larger degree which, as shown in the previous section, mostly
involve the Laplacian eigenvectors associated to stable directions in the case of the CGL

equation.

5.5 Conclusions

In this chapter we have devised two specific strategies of network generation so as to
mimic the pattern obtained by a former sample network when both are subject to the same
dynamical system. The first method is analytical, and provides isodynamic networks at
the cost of changing important topological features of the original graph. The second
technique instead makes use of a Monte-Carlo algorithm, allowing for a larger control in
terms of network topology, but providing less accurate results. Both methods rely on a pre-
liminary identification of a manifold generated by the Laplacian eigenvectors associated

to homogeneous solution instability, which has to be preserved during the modifications.

This work sheds light on the strong dependence between network topology and dynam-
ical patterns. The localization properties of the Laplacian eigenvectors unveil the existence
of underlying topological features that lead the dynamical response of the network. In par-

ticular, it is possible, in some cases, to identify a subnetwork or a set of nodes that can be
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Figure 5.7: Results of the local rewiring method applied to a ER with average degree (k)=20 and 64 unstable
modes (a,c), and to a SF network with 63 unstable modes (b,d). Both topologies consist of N = 400 nodes.
At each step the tolerance error of the algorithm is 7 = 0.1. In total, the new networks present 100 modified
links with respect to the original topologies. (a,b) Correlation between patterns of the original and modified
networks. Colored circles correspond to the results obtained using the local rewiring algorithm. Gray pluses,
crosses, and stars correspond to three different networks generated by random rewiring as many links as the
network outcoming from the local rewiring procedure. The squared coefficient correlations for the modified
ER network is 0.98 (blue circles) whereas the randomly rewired networks provide 0.67, 0.62, and 0.94. The
modified SF network has R? =0.86 (red circles), whereas the random networks provide 0.49, 0.50, and
0.67. (c,d) Number of link changed for each node of the network. The nodes are sorted in descending degree
order.

acknowledged as practically irrelevant for pattern formation. It is then clear that distinct
networks with differences solely localized on these particular substructures can, under apt
conditions, generate the same irregular patterns. As a remarkable example of this situ-
ation, we have shown that the SF networks, often taken as reference model to describe
many real systems, can be, in the case of the Ginzburg-Landau system, replaced by graphs

characterized by highly different structures.

Arguing on this line, the two methods proposed here may be placed as novel schemes
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for network generation, with a purely functional angle: instead of building the specific

network structure brick by brick, paying attention to local characteristics of nodes, the

complex graph is globally established and constrained to yield an a priori chosen dynam-

ical output.
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Concluding remarks

Collective synchronization is one of the simplest examples of emerging phenomena in
systems composed of a large number of elements. Indeed, the mutual coupling among
the oscillators is the main responsible for the phase entrainment of the otherwise freely
rotating cells. In this thesis we showed different instances of collective behavior in com-
plex oscillatory systems beyond the paradigm of collective synchronization, shedding thus
further light on the way macroscopic states arise from systems defined at the single unit

level.

Periodic self-consistent partial synchrony represents a simple case of a collective state
that cannot be explained only from the dynamical properties of the single units. This state
appears already in a homogeneous phase model with a biharmonic coupling function. Also
in this setup, the unexpected regularization of SCPS through the addition of independent
random fluctuations at the evolution of each single oscillator further illustrates the ro-
bustness of the collective dynamics. Amplitude oscillators provide yet other instances of
collective complexity. On one hand, the spontaneous alignment of the oscillators on a
smooth closed curve is already another case of spontaneous order arising in a large sys-
tem. On the other hand, such "global amplitude" adds more harmonics on the "effective
coupling" between oscillators, hence leading to different forms of collective behavior, the
most intriguing of all being macroscopic high-dimensional chaos arising from non-chaotic
units. Finally, the impact of irregular coupling topologies on dynamical function can be
tackled with the same philosophy, but distinct methods. The main idea in this case is to

characterize the global irregular dynamics in terms of simple observables that involve the
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definition of the network topology. Identifying the modes relevant for the behavior of the
system one can indeed modify the architecture of connections while preserving the dy-

namical outcome.

Although throughout these pages we dealt with simplified mathematical models, the
study of large oscillatory systems has an important impact in many areas of research, being
neuroscience and important application [1]. Indeed, the study of brain waves and neuronal
synchronization mainly involves systems composed of many interconnected oscillatory
elements such as neurons or populations of neurons. Realistic neural network models usu-
ally contain ingredients that we have not considered here (e.g., time delay, spatial structure
or heterogeneity). Nevertheless, we showed that simple setups can already introduce com-
plex forms of collective behavior, providing thus important insight on the impact different

characteristics of the systems have on the overall function.

The study of complexity and its mathematical treatment is a growing field which ex-
tends beyond oscillatory systems. A well established topic of investigation in this context
is the analysis of complex network topologies [2]. Even when no dynamics are considered,
in many occasions the question to be answered consist on relating certain local properties
of the network with overall structure of the topology. In this framework, although left over
from this dissertation for consistency purposes, during this thesis we also worked on a im-
munization strategy based on the concept of explosive percolation, which produces nearly
optimal results in large complex networks with a minimal computation cost [3]. The idea
is to identify those nodes whose removal maximizes the fragmentation of the network,
hence, it corresponds again to unveil the interplay between local units (the nodes) and

global states (fragmentation of the network).

Many questions regarding high-dimensional systems remain open. Through the con-
clusion sections of each chapter we have reviewed some of them, specific for the topics
covered in this thesis. Overall, the emergence of spontaneous collective behavior is a chal-

lenging topic of research with impact on many other areas of investigation. It ultimately
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addresses some fundamental questions such as how life emerges from simple structures,
or how the actions of individuals can affect a society. In fact, the study of complex phe-
nomena is the study of interconnected elements and, therefore, is ubiquitous in real-world.
Whereas this thesis does not aim to provide an answer to such general questions, it does
represent a step-forward to the general understanding on how the interactions between

many elements shape different forms of collective behavior.
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